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Gram-Schmidt Process - Activity 

Orthonormal Vectors (Unit Vectors that are orthogonal - There is a 90° angle between the unit vectors) 

The orthogonal vectors   𝑢𝑢�⃗ =  �34�, 𝑣⃗𝑣 =  � 4
−3� , form a basis for ℝ2  Draw and label these vectors. 

 

Prove that 𝐮𝐮��⃗  and 𝐯𝐯�⃗  are orthogonal vectors, i.e. a 90° 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖𝑖𝑖 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  𝐮𝐮��⃗  and 𝐯𝐯�⃗ .    Use  𝐮𝐮��⃗ ●𝐯𝐯�⃗ = ‖𝐮𝐮��⃗ ‖‖𝐯𝐯�⃗ ‖ 𝐜𝐜𝐜𝐜𝐜𝐜𝜽𝜽 

 

 

 

The orthonormal basis for ℝ2 is obtained by finding the unit vector of each vector in the orthogonal set                           v   

𝐮𝐮��⃗ =  �34� , 𝐯𝐯�⃗ =  � 4
−3�     

Calculate the orthonormal basis.                                                      Graph and label it on the above graph. 
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Orthogonal Projection     

Recall: In ℝ2, the projection of a vector ��⃗𝒗𝒗 onto a nonzero vector 𝒖𝒖��⃗  is given by  

                                     𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗 =  �𝒖𝒖��⃗ ∙��⃗𝒗𝒗
𝒖𝒖��⃗ ∙𝒖𝒖��⃗
� 𝒖𝒖��⃗   

    

   

Note:  

𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗 =  ��⃗𝒗𝒗 − 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗   is orthogonal to 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗   and therefore                                                                                             

                          ��⃗𝒗𝒗 =  𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗  +  𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗  

 

Therefore 𝒖𝒖��⃗  and  𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗  are orthogonal and  ��⃗𝒗𝒗 can be written as a linear combination of them.  

Exercise: For the subspace spanned by the basis vectors  𝒖𝒖��⃗  = � 3
−3�,  𝒗𝒗��⃗  = �31� , obtain an           

        orthogonal basis that spans that same subspace. 

     Graph and label each vector.  

 

 

 

Steps: Obtaining an orthogonal basis. 

1. Algebraically, find the projection of ��⃗𝒗𝒗  onto  𝒖𝒖��⃗  
, i.e. 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗 . Draw and label it on the 
graph. 
 

 

 

 

 

 

2. Algebraically, find   𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑  𝒖𝒖���⃗ (𝒗𝒗��⃗ ).    Draw 
and label it on the graph. 
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Draw and label the new orthogonal basis. Draw their grid lines 

  

Draw and label the orthonormal basis. Draw their grid lines 

 

 

 

 

 

 

 

 

Obtain an orthonormal basis from the 
orthogonal basis. Draw and label 
orthonormal basis 
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The Gram-Schmidt Process 

The Gram-Schmidt Process is a simple method for constructing an orthogonal (or orthonormal) basis for any subspace 
𝑾𝑾of ℝ𝑛𝑛. The idea is to begin with an arbitrary basis {𝑥⃗𝑥1,⋯ , 𝑥⃗𝑥𝑘𝑘} for 𝑾𝑾 and to “orthogonalize” it one vector at a time.  

Example: Let 𝑾𝑾 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝒖𝒖��⃗ , ��⃗𝒗𝒗) where 𝒖𝒖��⃗ = �
1
1
0
� and  ��⃗𝒗𝒗 =  �

−𝟐𝟐
𝟎𝟎
𝟏𝟏
�. Construct an orthogonal basis for 𝑾𝑾. Draw diagram. 

 

 

 

       

 

 

 

 

 

 

 

                                                           

 

 

 

 

Let  𝒖𝒖��⃗ = �
𝟏𝟏
𝟏𝟏
𝟎𝟎
�  and   ��⃗𝒗𝒗 = �

−𝟐𝟐
𝟎𝟎
𝟏𝟏
� 

          ��⃗𝒗𝒗 ′ =   𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗 =  ��⃗𝒗𝒗 − 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗       

                                           = ��⃗𝒗𝒗 − �𝒖𝒖��⃗  ∙ ��⃗𝒗𝒗
𝒖𝒖��⃗  ∙ 𝒖𝒖��⃗

� 𝒖𝒖��⃗  

                                  = �
−𝟐𝟐
𝟎𝟎
𝟏𝟏
� −  �−𝟐𝟐

𝟐𝟐
� �
𝟏𝟏
𝟏𝟏
𝟎𝟎
� =  �

−𝟏𝟏
𝟏𝟏
𝟏𝟏
�  

{ 𝒖𝒖��⃗  , ��⃗𝒗𝒗 ′ }  = � �
𝟏𝟏
𝟏𝟏
𝟎𝟎
� , �

−𝟏𝟏
𝟏𝟏
𝟏𝟏
�   �   

is an orthogonal basis for 𝑾𝑾 
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Note: This method depends on the order of the original basis vectors. If we still have had 𝒖𝒖��⃗ = �
−𝟐𝟐
𝟎𝟎
𝟏𝟏
� and ��⃗𝒗𝒗 = �

𝟏𝟏
𝟏𝟏
𝟎𝟎
� we 

would have obtained a different orthogonal basis for 𝑾𝑾.   Verify this: 

 

{ 𝒖𝒖��⃗ , ��⃗𝒗𝒗 ′ } is an orthogonal set of vectors in 
𝑾𝑾.  Hence, { 𝒖𝒖��⃗ , ��⃗𝒗𝒗 ′ } is a linearly 
independent set and therefore a basis for 𝑾𝑾, 
since dim(𝑾𝑾) = 𝟐𝟐. 

For  𝒖𝒖��⃗ = �
−𝟐𝟐
𝟎𝟎
𝟏𝟏
� ,  ��⃗𝒗𝒗 = �

𝟏𝟏
𝟏𝟏
𝟎𝟎
�       ��⃗𝒗𝒗 ′ =  𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗 =  ��⃗𝒗𝒗 − 𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 𝒖𝒖��⃗ (��⃗ )𝒗𝒗                                                                                                            

                                                    = ��⃗𝒗𝒗 − �𝒖𝒖��⃗  ∙ ��⃗𝒗𝒗
𝒖𝒖��⃗  ∙ 𝒖𝒖��⃗

� 𝒖𝒖��⃗   = �
𝟏𝟏
𝟏𝟏
𝟎𝟎
� −  �−𝟐𝟐

𝟓𝟓
� �
−𝟐𝟐
𝟎𝟎
𝟏𝟏
� = �𝟏𝟏

𝟓𝟓
�  �

𝟓𝟓
𝟓𝟓
𝟎𝟎
� − �𝟏𝟏

𝟓𝟓
� �

𝟒𝟒
𝟎𝟎
−𝟐𝟐

� = �𝟏𝟏
𝟓𝟓
� �
𝟏𝟏
𝟓𝟓
𝟐𝟐
� = �

𝟏𝟏
𝟓𝟓�
𝟏𝟏
𝟐𝟐
𝟓𝟓�
�   

 

                      { 𝒖𝒖��⃗  , ��⃗𝒗𝒗 ′ }  = � �
−𝟐𝟐
𝟎𝟎
𝟏𝟏
� , �

𝟏𝟏
𝟓𝟓�
𝟏𝟏
𝟐𝟐
𝟓𝟓�
�   �   

Which is an orthogonal basis for 𝑾𝑾. 

They form a linearly independent 
set and therefore a basis for 𝑾𝑾, 
since dim(𝑾𝑾) = 𝟐𝟐. 
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