SOLUTIONS

[MAA 2.9] LOGARITHMS

Compiled by: Christos Nikolaidis

0. Practice questions

1.

log,1=0 log,2 =1 log,16 =4
log;1=0 log;5=1 log,25=2
log,1=0 log,3=1 log,9=2
10g3 27 = 3 10g3 l = —1 10g3 \/_ = l
3 2
log100 =2 logl0=1 logl=0
lo L——2 lo L——1 log0.1=-1
5100 “10 '

1
log 1022 = 2020 log/10 = — log /10 =3
In1=0 Ine=1 Ine’ =2
lnl:—l ln%:—z ln\/_:_

e e 2
log,8=x x=3 logl000=x | x=3
log, x=3 x=38 logx=3 x=1000
log 8=3 x=2 Inx=3 x=e

logxy =logx+1logy

LHS = log100000 =5

RHS = log1000+10og100=3+2=5

logi =logx—logy
y

LHS = log10=1

RHS =1og1000—-10og100=3-2=1

logx” =2logx

LHS = log1000000 = 6

RHS = 210g1000 =2x3 =6




the answers for any set of 4 questions are 5, 5, 25, 125

(a) C has equation y =log, x

(b) Cuts x-axis = logryx =0=>x=2°=x=1
Point is (1, 0)

(a) Chasequationy=Inx

(b) Cutsx-axis=> Inx=0=x=c¢°=x=1
Point is (1, 0)

10.
log xy =a+b In xy =a+b
X
logﬁ =a-b In— =a-b
Y
log x* =3a Inx’ =3a
log xyz =a+b+c In xyz =a+b+c
logx’y =2a+h Inx’y =2a+h
a a
log\/; == In~/x =
2 2
logﬂ =a+b-c nY =a+b-c
z z
log(10x) =a+1 In(ex) =a+l
log(100x) | =a+2 In(e’x) =a+2
log 2 —bh-1 nZ =b-1
10 e
Y Y
log— =bh-2 In= =b-2
€100 e’
logﬂ =a+b-c—1 n* =a+b-c-1
10z ez
logl =—c lnl =—c
z z
x’y’ ¢ x’y’ c
lo =2a+7b—— In—=— =2a+7b——
=z 2 Jz 2




11.

12.

13.

log; xy =a+b
X
10g5 - =a-b
y
log, x’ =3a
log; \/; :%
log; 2 =a+b-c
z
log, = =a+b-c-1
5z
log, 1 =—c
x’y’ c
log, —= =2a+7b——
sz 2
a
log,s x =3
log, 5 1L
a
log, y =§
a+b
log_ xy =
c
a+b
log,, xy ==

log,(x+1)=2

x+1=9<x=8

log(x+1)=2

x+1=100= x=99

In(x+1)=2

x+l=e’ = x=¢"-1

log,(x+5)=0

x+5=1<x=-4

log,(x+5)=1

x+5=T7T<x=2

log(x+5)=0 x+5=1<x=-4
log(x+5)=1 x+5=10=x=5
In(x+5)=0 x+5=1<x=-4

In(x+5)=1

x+5=ex=€e-5




14.

15.

16.

17.

18.

log(2x) =2 2x =100 < x =50

2
In(2x) =2 2x:ez<:>x=%

log(2x+4) =1 2x+4=10x=3

e—4

ln(2x+4)=1 2x+4=e=>x= 5

log(2x-5)=0 2x-5=1<x=3

In(2x-5)=0 2x-5=1<x=3

(@) log, x(x +1)=log, 6 = x(x +1)=6 < x> +x - 6=0 < x=2 (-3 is rejected)
() log, x(x+) =l x(x+1)=2 < x* +x-2=0< x=1 (-2 is rejected)

x+5 x+5
=l

X X

(¢) log, =2 x+5=2x<=x=5

(@) logx(x+1)=log6 = x(x+1)=6= x> +x—-6=0< x=2 (-3 is rejected)
(b) logx(x+3)=1=x(x+3)=10= x> +3x-10=0< x=2 (-5 is rejected)

x+18 x+18
=l<

—_— =10 x+18=10x = 18=9%x = x=2
X X

(c) log

x+14
x2

() log,(x+14)—2log, x =2 —dox+ld=4x" o4x’ —x—14=0

x=2 (x= —% is rejected)

b)) x=2 (it is in fact the same equation as in (a))
(c) x=2 (it is in fact the same equation as in (a))

In all three cases we obtain the quadratic y* -2y +1=0< y=1

(@) x=e b)x=e (c) x=10

A.

Exam style questions (SHORT)

19.

(@ 5
(b) METHOD 1

8y

logz(?,zv ]: log, 32" —log, 8"=xlogy 32 —ylog, 8 =5x -3y

pP= 55 q =-3
METHOD 2

32x _ (25)x B 25x _25x_3y

gy (2% 2¥

logy (2*%) =5x -3y
p = 55 q = 73



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

2
P P
IOglo [EJ = 210g10(§J = 2(10g10P — IOgIOQ — 310g10R) = 2(x -y—- 3Z) =2x— 2)/ -6z

= 210gx+llogy—3logz= 2a +lb—3c
z° 2 2

2
log (X \/;

X 1 1
lo —— | =loggx—-2logy— —logz=p—-2g— —r
£10 (yZ\/EJ g10 gy > gz=p—4q >

(@ Indb=3lna+lnb=3p+gq

b Yl e mb-12p-g
b 2
(a) log,10=1log,(5x2)=1log,5+1log,2=p +gq
(b) log, 8 =log,2°=3 log,2=3q
(¢) log,2.5=1log, %= log, 5 —log,2=p — ¢

(@ (1) log.15=log 3 +log. 5=p+gq
(i) log.25=2log. 5=2¢q

SR

(b) d?=6<d=36
(@) logsx®=2logsx=2y

(b) logs 1 —logsx =-y

x
log; x 1

c) logysx= i = —

() 225 log, 25 2y
log, 5

@ logs=—ceo=2
log,2 «x

(b) log,20=1og,4+1log,5=2log,2+log,5=2x+y

(@ 5''=5tcx+l=4cx=3

2_
b) 3xt5=d o x=L

loga(x(x—2)) =3 < x(x-2)=2 = ¥ - 2x—8=0< (x—4)(x +2)
x=4

(a) log,x—log,(x—5)=log, (LSJ A=——

j=1<:> al =3'(=3)e x=3x—15©x:1?5

X
(b) log, ( 5

x=5



31.

32.

33.

34.

35.

36.

37.

38.

39.

log

log3(x+2):1+T3x<:>210g3(x+2):2+10g3x<::>log3

<:>(x+2)2 _

METHOD 1

(x+2)° _

2

9o (x+2) =9x=x*—5x+4=0cx=1or x=4

log 81 + logyg {éj +logg 3 =1oge x = logy {8 1(%)3} =logy x

= logyg 27 =loggx = x=27

METHOD 2

logy 81 +log9($] +logg3=2-1+ 5

3

1

= % =loggx =>x= 92 = x=27

10x + 20 10x + 20
=l

log
)C2 )C2

=10=10x+20=10x> @ x+2=x’ o x’—-x-2=0x=2

log,(4x-x’)=54x’ =32 ¥’ =8 x=2

Given log, (5x2 —x—-2)=2+2logy x
= logy (5x* —x—2)=logy 4 + 2 logy x

= logy (5x* —x — 2) = log, 4x”

=¥ -x-2=0=>x=2

(the negative solution is rejected)

1
162 =3/100 — x>
4=13/100 - x>
64 =100 — x*
x¥*=36,50 x==6

logy; (x(x —0.4) =1 & x*—04x=27 < x=540rx=-5

So x=54

OR directly by GDC x=5.4

2log,(x—3)-log,(x+1)=2
(x—3)
log, =
i x+]
_(x—=3Y
x+1
Ox+9=1"—6x+0
D=x"—15x
x=15 3.
log, (x+6
logzsz‘l)a 2log, x =log,(x+6) & log, x° =log,(x+6) < ¥ =x+6
0g,

X-x-6=0= x=3

(x =-2 is rejected)



40.

41.

42,

43.

44.

45.

46.

47.
48.

49.

In{x+3)=1 = x=e-3

In{x+3)=-1 = x==-3 (=¢'-3)

2(Inx)* -3Inx+1=0

l
Inx=—, Inx=1
y

X= \"IE X=&

9log, 5 =log;x <=9
log, x

x=125 or xzL
125

9log, x =25log, 5<9log, x =
log, x

METHOD A
log, x 648 log, 8

= log, x=(log, x) =9 < log, x =43 & x = 5

< (log x)° =§c> log, x =i§ S x

3

9log, x =6+8log 8< 9
log, 8 log, x

< 3log,x=6+38 < log, x=2+

0g, X log, x

Let y=log, x

y=2+§<:> Y =2y+8< y*-2y-8=9
y

y:4 . y:—2

log, x=4<x=16

1
log2x=—2<:>x=Z

METHOD B
Let y =log, x. We similarly obtain the quadratic

9y=6+§<:>9y2—6y—8=0
y

x=16,x=l
4

x=4,y=8
3

2’71

1 3

x=1,y=3 or x=—, y=—

y 4 y >
x=64, y=16

10

(a) 551n2 (b) In2[(1-(n2)"] (c)

1-1In2

<:>910i2x=6+8

log, x

In2
1-In2




50.

51.

52.

53.

50

iln(2’)=2r(ln2)

r=1

Arithmetic Sequence with #, =In2 and d =1n2,

so S, :?(2ln2+491n2):12751n2

OR i r(In2)= (In2) i r =(In2) ((?jS IJ =1275 In2

r=1 r=1

2 2 2
111x2+111x—+1nx—2+1nx—3 +...
y y y

= Inx’ + (Inx? — Iny) +(Inx? — 2Iny) + (Inx? = 3Iny) +....

Arithmetic Sequence with #, =Inx* and d =-1In y,
S5 = §(2u1 +n— ) = 375 (2 Inx® - 34 Iny) = 35 Inx® — 595 Iny?

— 1" — Iny*S
70

=In2 (Accept m =170, n=1595)

595
y

@ f@=-nE2
x -4
X

x+2

=In (Accepta=2)

(b) In—2

=y
x+2 Y x+2

2¢”
1_ X

€

)=

@ O f@=1 () fM=0 (i) fa)=4

(b)
¥ I

l
S
|
—_
=]
—
N
=

X : : :
——=e" o x=xe+2¢" & x(1-¢")=2¢’ <:>x:1

2¢’

— ey




54. (@) METHOD 1

F®)=1e 1=klog)8 < 1 =3k k= %
METHOD 2
find the inverse of f{x) = k log, x

y=12k
substituting 1 and 8
1 .
2k =8 < k= 1
o3
(b) METHOD 1

f(x):%Q. %=%10g2x<:>10g2x=2<:>x=4 fl[g) =4

METHOD 2

inverse of f{x) = % logy xis flx)=2%  f! [%j _4
55. (@ In5xX’=In5+Inx’=In5+3nx
g (x)=f(x) +In5

0
(b) translation by [1 5] OR shiftupbyIn5 OR vertical translation of In 5
n

56. (a) logsx/; =y Jxr=3 o x=3"

Sl =3

(b) y>0

(c) METHOD 1
g(2) =log; 2
(' ogl2)= f(x) =310 =37 =4
METHOD 2
(fl o @)(x) = 32logy ¥ _ 3log3x2 S~
(' og)=4

57. (@ x=-1
®d) (@G f(-1.999)=1n(0.001)=-6.91 (i) g4)=1
() (4.64,1.89)



B. Exam style questions (LONG)

58. (a) f'(x)=Inx

e —1
2

© () (g =In(l+2e")
(i) (o) (=" =1+2x
d y=l+2xeox=@y-1)/2
oo ="

b g'(x)=

4
59. (a) log; lx + logz4 = log, 7)6 =log; 2x
2

(b) 0.5)=0,/4.5) =2
(© () a=2,b=3
(ii)

(iii)) x =0 (must be an equation)

@ f'©0=05
()

10



60.

61.

(@
(b)
©
(d)

(e
®
(2

(@)
(b)
©
(d)

a=135

1.61 271 3.81 491

all differences are 1.1 they are in arithmetic sequence
0.699 1.18 1.65 2.13

The differences are 0.481 0.47 0.48

The values are almost equal; he difference is due to rounding. In fact we still have an
arithmetic sequence.

a 3a 9a

In3a—-Ina= 1n3—a =In3 In9a—-1In3r= an—a =In3 common difference = In3
a a

If the sequence u,, is geometric then the sequence v, =Inu, is arithmetic

_ n—1 _ n
u, =ur and u,,, =ur

n

-1

_ _ n n—-1 _
Voo =V, =lnv, ., —Inv, =lnur" —Inur"" =In

So the common difference is d =Inr

¥ =49 x=+7 x=7

2*=8 x=3
1

x=125? x=L x=l

25 5

logy (x(x=7)) =3

log, (>~ 7x)=3

2 =xr-7x

¥ —T7x-8=0
x=8)x+1)=0(x=8,x=-1)
x=8

11



