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SIAM J. NUMER. ANAL.
Vol. 11, No. 3, June 1974

ERROR BOUNDS FOR INTERPOLATING CUBIC SPLINES UNDER
VARIOUS END CONDITIONS*

THOMAS R. LUCAST

Abstract. Conditions are given when some finite difference type operators acting on the second
derivative of a C2-cubic spline interpolate of a function f over a locally uniform partition approximate
", f" and f at selected knots by orders up to O(h*). Points are identified where f’, f” and f" are
approximated by s, s” and s” to the order h* h* and h? respectively. End conditions are analyzed
which give these results globally over uniform partitions for sufficiently smooth functions.

1. Introduction. Let 7,, = {a = x, < x; < -+ < X, = b} be a partition of
[a, b]. Then s is said to be a cubic spline over =,, if s € C*[a, b] and s restricted to
[x;_1,X;] is a cubic polynomial for 1 < i < m. The space of all such cubic splines
is denoted by Sp (n,,, 3). If in addition s(x;) = f(x;) for 0 < i < m, s is said to be
an Sp(n,, 3)-interpolate of f. Since dim Sp(n,,,3) = m + 3, two additional
linearly independent conditions, usually taken near the endpoints, are required
to uniquely determine an Sp (z,,, 3)-interpolate of a function.

The following notation will be used. Superscripts of several types denote
derivatives. Thus f”, f@® and fi all denote the second derivative of f. Define
fO=f9x),0=i<m h=x;—x_, 1 £i < m, h =max(h), h = min (h).
For any ¢ = 1, P,[a, b] is the collection of all partitions for which h < oh; if
¢ = 1 the partitions are uniform and h = h = h.

For uniform partitions the following identity is well known [1, p. 12]:

(L.1) Sioy +dsi+ sty =307 00 — 5040, lsism-1.

Curtis and Powell [4] have found potential quantitative relations between f and
an interpolating cubic spline s (the end conditions do not enter into their cal-
culations) by the formal use of the calculus of difference operators. For example
from (1.1), letting E = "” be the forward difference operator, they get

(E™' +4I + E)s; =3h™'[E — E" '],
and thus
32 = 3h_1(e'—hD + 41 + ehD)—l(ehD _ e-—hD)f

Formally expanding the power series and dividing (assuming f to be sufficiently
smooth) gives
h* 6
2 C= - Y .
(12) st = fi = 1g5/7 + Oh)
In a similar fashion, using other spline identities, they have developed the
formal expressions

* Received by the editors September 25, 1972, and in revised form June 25, 1973.

1 Department of Mathematics, The University of North Carolina at Charlotte, Charlotte, North
Carolina 28213. This research was supported in part by a grant from the Foundation of the University
of North Carolina. 569
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570 THOMAS R. LUCAS

2

(1.3) U — — ¥+ O(h*),
and
(1.4) _”’(x)h—s/(x,‘) = ¥+ O(h*).
Since s”(x) is a linear function between the partition points, (1.4) is equivalent
to
(1.5 p = S T2E S o),
Combining (1.3) and (1.5) gives
(1.6) 1= siq + 10s) + si_4 + OhY).

12

The formal expressions (1.2), (1.6) and (1.5) give approximations to f;, f{ and
fiv of O(h*) accuracy in terms of simple linear functionals on an interpolating
~ cubic spline s.

With the exception of (1.2) there seems to have been no published exploration
of the existence of higher order estimates of this general type. That max | f; — 5]
= O(h*) for f € C3[a, b] and uniform partitions with the end conditions

(1.7) s(a)=f@, s(b)=[b)

has been established by Birkhoff and deBoor [2] and Hall [6]. Kershaw [10] has
shown that for f e C°[a, b] and nonuniform partitions with either the end con-
ditions (1.7) or for periodic f the end conditions

(1.8) s(a) =s'(b), s"(a) = s"(b),
that the error bound

(19)  max|f; = si < 4eh® max by = by o[£, + R4S,

is valid. Using an earlier result [8], Kershaw [10] has also shown that for the
“inferior”” end conditions

(1.10) s'(a) = f"(a),  s"(b) = f7(b),
or
(1.11) s'(a)=0, s'(b)=0

local results similar to (1.9) hold in intervals bounded away from the end points,
in particular with uniform partitions |f; — sj = O(h*) at a number of interior
knots.
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ERROR BOUNDS 571

The purpose of this study is to determine conditions which insure the validity
of a number of error bounds which include (1.2)<1.6). Our approach is to show
that the local validity of the expression (1.3) or its higher order generalization

h* . o
1.3y A A o \' - fvi 0/16
(13) S =i = I+ g /i 00)
for a family of functions § over a fixed subinterval where the partitions are uniform
implies that a whole class of other error bounds are also satisfied inside the sub-
interval. These include the ones mentioned above and in addition

S(x; + 0.5h) = f'(x; + 0.5h) + O(h*),
s"(z) = ["(z;) + O(h?),

where z;is either of the roots of the second degree Legendre polynomial 3z — 1 =0,
normalized to [x;, x;, ], and

s"(x; + 0.5h) = f"(x; + 0.5h) + O(h?).

This program is carried out in § 2. Also a lemma is given which shows that if
|f7 — s{| £ Kh? over a subinterval [a, 8] in which fis in C* then

IDAf(x) = SO Lopeeiy < KH* 77, 052,

where x;,, x;, €7, o < x;, < Xx;, < B, showing that the usual spline error bounds
are included in this theory.

In § 3 we develop global results for uniform partitions with f e C"[a, b] for
some n, 4 < n < 8, by giving conditions when variations of (1.3) or (1.3) are
globably valid. As might be expected from Kershaw’s results, the choice of end
conditions plays a critical role in the quality of these error bounds if the function
is sufficiently smooth. A number of end conditions are analyzed which come
progressively closer to the full order of (1.3), one of them achieving it.

Recently Kammerer and Reddien [7] have developed local error bounds for
Sp (r, 3)-interpolates of a function which is only locally in C*%, which are similar
to the usual global L®[a, b] bounds. In § 4 we extend this approach to give general
conditions under which high order local smoothness of f over a locally uniform
partition implies that bounds of the type (1.3) and (1.3)" hold in such local regions.

The applications of these results would include: (i) a significantly increased
choice of high quality computationally feasible end conditions with a means for
judging their utility; (ii) knowledge of where the evaluation of derivatives of
spline interpolates will be of higher order ; (iii) the means to compute O(h*) order
estimates of f}, f7, f” and fI from just the values of an interpolating cubic spline
and its derivatives at the knots, for sufficiently smooth f; (iv) the suggestion of
new modified collocation schemes of high order for nonlinear boundary value
problems.

The following cubic spline identities will be needed [1]:

i hisy
//_ 2// 1 {/
Bt by TS T R
(1.12) ¢
Si+1 — S S — Si—y .
= - , 1=ism-—1;
h,-+h.~+1[ B I ] stem-d
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572 THOMAS R. LUCAS

h; h; Si — Si—1

(1.13)  s;= gs:/_l + §s§’+ A , 1Zim;
h h s
(L3 siy = =iy — i + S——hs——l 1<ism;
L o—s  h
(1L19) s+ 0y, ) = =2 - S —), 0<ism -1
i+1
Si + Siv1

/12
(1.15)  s(x; + 0.5h) = - E(s}’ + 574 1), 0sis=m-—1,;

2

3s; + S;01 h?
- ” 4 <1 < —1:
4 128(731 + 5S|+1)9 0 =l=m 1,

si+3s;0, K
- s " “ < i< _1-
4 128(531 + 7Sl+l)’ 0 Si1=m 1,

(1.15)  s(x; + 0.25h) =

(1.1S)"  s(x; + 0.75h) =

(1.16) S‘“h_ S~ S"“; S o0<ism-1.

For uniform partitions (1.12) becomes
(112) sf_y + 4s! + siy; = 6h™2[s;_1 — 25; + Sip1]s I1<ism-1.

We denote any generic constant which is independent of the maximum
partition spacing by the general symbol K. It may take on different values in any
two usages.

2. Locally induced error bounds.

THEOREM 1. Let [a, b'] and [«, B] be subintervals of [a, b] related by a < a'
<a< B b £b. Let {r,} be a sequence of partitions of [a, b] such that each m,,
restricted to [d', b'] is uniform. Denote the first and last knots of m,, in [a, B] by x;,
and x;;, and the partition size over [d',b'] by h. Suppose & is a family of functions
over [a, b] and (E) is a pair of interpolating spline end conditions such that for each
fe§ and n, € {n,} there corresponds a unique Sp (m,,, 3)-interpolate, s, satisfying
the end conditions (E), and there exist constants Fe{4,5,6}, K,,Ks, -, K;
dependent on f but independent of m,, € {n,,} such that if fe C'[a,b] N & where
4 < r £ F,r an integer, then
h

2
2.1) max 12f,~ — 5]

ioSisi
Then if feCld, b1 N F withd <r < min (5, 7), there exist constants {Kj}}-,
independent of n,, € {m,,} such that
() max |f;—si < Kihot,
ax

fi- < KH2,

ip<i<iy

(i) max |f(x; + 0.5h) — s'(x; + 0.5h)| < K5h' 1,
iggigip—1

(i) max [/"(xi + M) — s'Cxi + M) < K5h'2,
iogisii—

where i = (3 + /3)/6 = 0.211 or 0.789,
(ivy max |f"(x; + 0.5h) — s"(x; + 0.5h)] = Khh=3,
1

ipSisii—
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ERROR BOUNDS 573

v) max fi= (Sx+1 —si_ )| = K5h 3
io+1<igij—1
In addition if feCld,b] ﬂ ‘3 with 4 < r < F, there exist constants {Kj}}_ ¢
independent of m,, € {m,, } such that

(vi) max

ip+1=isip—1

i (S§'+1 + 10s}+s7_,)| < Keh' ™2,

(vii) max

s hz(S'ﬂ 2S¥’+SE’—1)1§.K’711'““,

io+t1sisi -1
1 , _
(viii) | f7, — —(1482'0 — Ssipe1 + dSia — Shhys)| S KEhT2,
(vii)' | f7, (145" — 587,y + 48],y — s, _3)| S KEhT2

Finally, if there exist constants K, such that K, < K,||f"’||Lm[a/,,,,] for all
feCld,b1NF, 4 <r <7, then there are constants {Kj}}-, independent of f
such that

K < Kil fOloapn, 1 S1S8.

Proof. The final claim may be seen by inspection of the individual proofs.

We begin with bound (i). Let i, + 1 < i < i;. Recall for comparison the spline
identity (1.13). By a direct expansion about x; using Taylor’s theorem, if
feC'd,b],n=4orS5, then

.k, h? wl i fie "
f.'—g(fi—1—12 ) (f - f) I =Ly Ry,

where [R}| < 67 13| /™| Loogx, g @0 [R?] < 207 A*|| f¥]| Lo, _ 1 2y~ Subtracting
(1.13) from this expression and recalling that s interpolates f over 7,, gives

’ ’ h ” hz i " h "
fi_si=g(fi—1_i§ ic1 _Si—l) +§( z_—fw_si)'i'R?'
So for 4 < r < 5 and by the use of(2.1),
Ifi—sil = h’ Y+ (R

A similar relation for i = i, can be established using (1.13)". Thus (i) is valid with
Kt =05K, + 61 /"] Loapy and K3 = 0.5Ks + 207" /|| Loga',py- Note that
the use of Peano’s theorem [5, p. 69] would have given a sharper bound on R}
and R}, but as our interest is in the asymptotic rates for a wide variety of ex-
pressions, we prefer the simplicity of Taylor’s theorem.

By a routine calculation using Taylor’s expansion, for fe C"[a’,b'], n = 4 or
Sandip £i<iy — 1,

[ +0.58) = h™Yfisr — f) — (W24 [ fis1 — (WP/12)f 1%,
= (fi = (1D f ] + R,

where |R}| < K30 || f || Lo (o.»- Hence (ii) follows by subtracting (1.14) from
(2.2) and using (2.1) with K5 = 127K, + R3[| /)| o1, 4 < 7 < 5.

(2.2)
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574 THOMAS R. LUCAS

For bound (iii), if 7 = 4 the proof is straightforward. Suppose ¥ = 5 and
feC3ld,b]. Letiy £i < i, — 1. Since s” is linear between x; and x;, , for any
A€[0,1],

(2.3) (1 — A)si + Asiq = 8"(x; + Ah).
By a Taylor expansion about X = x; + 4h,
(A = D= WA + WSl — WP/12)f )
= (%) + $(6M1 — 2) — DRf™(%) + R},

where [R?| < Kh?| f®|| pota p7- But 64(1 — ) — 1 =0 ifand only if A =(3 + \/_3:)/6.
Assigning either of these values to 4, and subtracting (2.3) from (2.4) it follows
from (2.1) that

|f"(X) — ") < h¥(Ks + K| [ peogar ) = BK3.

The remaining error bounds follow by similar arguments involving the use
of appropriate spline identities and Taylor expansions. For example bound (iv)
uses s”(x; + 0.5h) = h™!(s{., — s{) while bound (vi) may be derived from
fi= 1271 0 + 107 + fio, — (P/12)(f % + 10} + fi* )] + R}, where
IRY| < Kih" || /™| Logar.pry When f€ C"[a,b'], n = 4, 5 or 6.

The formal expression (1.5) of Curtis and Powell suggests that the error
bound (vii) of Theorem 1 might be strengthened for smoother f. In another
direction, a better approximation for 1" is given.

THEOREM 2. Suppose {n,}, & and (E) are as in Theorem 1 and in addition
there exist constants #€{6,7,8}, Lg,L,,---, L; independent of m, € {n,} such
that if fe C'Td, b’} N\ § where 6 < r < 7, then

(2.4)

4

h? h
max |f7 — = ¥4+ ——fr—y

< LI 2.
osi<i 12 360 o

Then there exist constants C'| and C% independent of m, € {m,} such that for
feCTd, bl N Fwithe <r < 7,

< e,

(i) max |f¥ h2(8.+1 25 + si-1)

io+1Sigip—1

If6 £r £min(7,7),

. 1
()  max | f7 — mo(— sl + 14si — 148y + 57,

< Chhr3.
io+2Sisi;—2 24h =72

Moreover, if there exist constants L, such that L, < L,||f" | Lgar,py JoOr all
feCld, b1 N § 6 <r <7, then there exist constants C; and C% independent of
f such that

(2.5) Cl £ CUlf Ny and  Cy = Coll £l Logar -

The proof is similar to that of Theorem 1 and is left to the reader.

We end this section with a lemma which demonstrates that the bound (2.1)
implies that the optimum spline error bounds for locally C*-smooth functions
are valid in this setting. The locally uniform partition requirement on {r,} is
dropped.
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ERROR BOUNDS 575

LEMMA 1. Let a < d S a < f < b < b, {n,} be a sequence of partitions of
[a, b] with the first and last knots of m,, in [, B] being x; and x; , & be a family of
functions over [a, b] and (E) be a pair of interpolating spline end conditions. Suppose
for each f € & and =, € {m,,} there is a unique Sp (r,,, 3)-interpolate s satisfying (E),
and a constant K, independent of m,, € {mn,,} such that if fe C*[a’,b'] N § then
(2.6) max |f} — si| £ K h2.

io=isiy

Then there exist constants {M;}?_, independent of m,€ {n,} such that if

feC*a,b] N G,

(2.7) IDI(Sf(x) = SOD Lo ey S M, 05j = 2.

If Ky < Rl f @l poga iy for all feC*a',b] N § then there exist M; with M;
< M| f N Loorar p7-
Proof. By Taylor’s theorem if fe C*[a,b']and 0 £ 1 < 1,

(2.8) (1= Df7 + A% = f"(x; + Ahiyy) + R,

where |R}| < (1/8)h?| f || Lora »1- Subtracting (2.3) from (2.8) and using (2.6)
establishes (2.7) for j =2 with M, = K, + (1/8)[ /|l Lwofar.py- Since f; — s; = 0,
ip <i<i;,and [ — seC’[x,, x;,], Lagrange’s theorem gives

If - S”Lw[x‘o,x.l] < (1/8)R*|D*(f — S)||L°°[x.0,x.1]s

so (2.7) is valid for j = 0 with M, = M,/8. The j = 1 case follows by Lemma 1
of Kershaw [9].

3. End conditions yielding high order error bounds for uniform partitions. In
this section we shall identify some end conditions which lead to the results of
Theorems 1 and 2 for sufficiently smooth functions. All partitions =,, of [a, b] in
this section are assumed to be uniform with partition norm h. We begin with
three lemmas.

LEMMA 2. Let f € C"[a, b] for some n, 4 < n < 6. Let 7, be a uniform partition
of [a, b] and s some Sp (,,, 3)-interpolate of f. Denote the expression f7 — (h*/12) f¥
— s bye,0=1i=m Then

(31) e,-_1+4e,~+e,-+1=R?, lélém—l,

where |RY| £ Kh" 2| f®| Lwtas) and K is independent of f and =,,.
Proof. By Taylor’s theorem, if 4 < n < 6,
2

f// _ ___fiv + 4] 1 hzfiv +f// hz iv
(32) i—-1 12 i—-1 i 12 i i+1 E it1

=6h_2(fi—1_2fi+f;‘+1)+R?9 lsism-—1,

where |R| £ Kh""2|| f™|| Loap- The result follows by subtracting (1.12)' from
(3.2), where s is an arbitrary Sp (n,,, 3)-interpolate of f. If desired a sharp K could
be determined explicitly as a function of n by use of Peano’s theorem. The next
result follows by a similar argument.
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576 THOMAS R. LUCAS

LEMMA 3. Let f € C"[a, b] for some n,6 < n < 8. Let m,, be a uniform partition
of [a, b] and s some Sp (n,,, 3)-interpolate of f. Denote the expression

fi—= N + (h*/360) ' — s}
bye,,0 <i=<m. Then
e +4e;+e., =R, lsism-—1,
where |R}| £ Kh" 2| f| eogap)-
Lemma 4. If A = {a;;} is an m x m matrix and ay = Yy edagl 0,150
< m, where 5 > 0, then |A™ ||, < 67
Proof. Let ye R" and x = A~ 'y. Then Ax = y and if | x|, = |xi

m

Yi — Z aijX;

j=1j#i
S0yl

We first consider the model problem: periodic end conditions for periodic
functions.

THEOREM 3. Let f e C(— o0, ) N C,[a, b] for some n, 4 < n <8, and let s
be the Sp (m,,, 3)-interpolate of f satisfying the periodic end conditions (1.8). If
4 < n<6,then

< Hy”oo + z laijl ”x”oos

j=1,j#i

laix;| =

50 8[1x[l, < [I¥ll and A7 yll,,

hz
(3 max |fi = =S| S KH e, 4ST S0
If6 < n < 8, then
G max |7 - B S K O, 657

The constants K, are independent of f and m,,.

Proof. Suppose 4 < n < 6. Extending s periodically to (—co, 00) we see
from Lemma 2 that besides (3.1), we have e,_, + 4¢, + e; = Rj where
R3] = Kh" 2| f™|, and e,, = €, giving the matrix system

(4 1 0 0 - 1] eo ] Ry ]
1 410 - 0| e; R:
01 41 - ol - |-
0 1 4 1] |ém-2

€ — -
1 0 1 4JL I R

By Lemma 4, | ¢, < 0.5|RY|, < 0.5Kh" 2| £, giving (3.3). A similar
application of Lemma 3 gives (3.4).

There is a “‘naturalness’” about the periodic end conditions (1.8) that has no
ready generalization to nonperiodic functions giving error bounds of the quality
of Theorem 3. The most frequently appearing end conditions in the literature
other than (1.8) are (1.7), (1.10) and (1.11), but even the best of these, (1.7), fails to
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ERROR BOUNDS 577

give an O(h*) bound on (3.3) for f € C%[a, b]. This leads us to consider a number of
new (as far as a literature search has been able to determine) end conditions, some
of which seem to offer distinct advantages over the above ones. We also include
several other choices that have been previously considered. (See Table 1.)

TABLE 1

Some cubic spline end conditions

Ref. Label Left end condition O(h")

[12] HI sp = (6h) (= 11s, + 185, — 95, + 25,) 4
[3] H2 Sg— 257 + 55 =A%y =0 4
* H3 A =0 5
* H4 A*sg =0 6
[3] Fl s(a + 0.5h) = f(a + 0.5h) 4
[4] F2 As(a + 0.5h) = Af (a + 0.5h) 5
* F3 8s(a + 0.25h) — 9s(a + 0.5h) + 8s(a + 0.75h) 6

= 8f(a + 0.25h) — 9f(a + 0.5k) + 8f(a + 0.75h)
(1] DI so = S0 5
* D2 Asy = Af 6
1] DDI &= fn 4
* DD2 s+ 10s) + s = 12f7 6
* DD3 14 — 55, + 45 — 5§ = 1203 6
* DD4 1257 = 147 — £ — f3 6
* DD5 Tsl + 465! + 75y = 2f 5 + 567 + 21" 8

These end conditions are classified as being homogeneous (H), dealing with
function values (F), first derivative values (D) or second derivative values (DD).
For brevity the conditions are stated for the left endpoint x, = a only, and a
similar condition is assumed to hold at x, = b. The left-hand column either
references an early investigator of the end condition or indicates it is new by
marking it with an “*”. The right column gives the order of max |f} — (h?/12)fIV
+ (h*/360) f}' — 57| for f € C¥a, b] which is to be determined shortly, and thus
gives an indicator of the accuracy of the end condition. Except for F3 and D2
these new end conditions should only be considered without modification when
the first and last few partition points are uniformly spaced.

The remainder of this section concerns the rate at which

max |fi — (R/12)f — s{| or max|f] — (h*/12)f}' + (h*/360)f}' — 5|

1

goes to zero for sufficiently smooth f where s is the Sp (x,,, 3)-interpolate of f for
a set of end conditions from Table 1. Any generic constants K used are independent
of both the function being interpolated and the mesh norm.

THEOREM 4. Let s be the Sp (n,,, 3)-interpolate of f with end conditions H1,
H2, F1 or DDI1. If f € C*[a, b] then

" h2 iv "
org?gxm fi= 1—2f1 -5 |= Khz”f(4)||L°°[a,b]'

Proof. Clearly it suffices to show that max |f7 — s!| < Kh?*| f®| . But for
the end conditions H1 and DD1 this has been established by Swartz and Varga
[12] and for H2 and F1 by de Boor [3].
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578 THOMAS R. LUCAS

THEOREM 5. Let s be the Sp (n,,, 3)-interpolate of f with end conditions H3, F2
or D1. If fe C"[a,b] for n =4 or 5 then

" h2 iv "
fi 1271 Si
Proof. For each of the above end conditions in turn, let e; = f7 — (h*/12) f}"
— s, 0 £ i < m. Consider first H3. By an application of Taylor’s theorem, if
feCa, blwithn=4or 5then A*[ f§ — (h?/12) f§] = Ry with |R}| < Kh" || f™] ;.
Subtracting the left end condition H3 gives A’e, = Rj. A similar argument at b
gives A’e,,_, = R, where |R%| < Kh"™?| f™| . These two equations together
with the results of Lemma 2 give the matrix system

max
0<izm

< KB 72 fO Lot -

-3 3 —1 0feo | [R

14 1 0 0|l e R

0 1 4 1 0] e, R
(3.5) = -

0 14 1 0|lens "

0 0 1 4 1en o

Lo 1 =3 3 ~tlle, J LRy |

Subtracting row 1 from row 2 and adding row m + 1 to row m in the above system
gives a uniformly diagonally dominant (m — 1) x (m — 1) reduced system
AE = R. Hence by Lemma 4, with § = 2, ||E||,, < 0.5|R|, < Kh" 2| f®].
Since |eg| < 5| E|l,, + |R%| by (3.1) with a similar bound for |e,| the result for H3
follows.

Now consider F2. By a double use of the spline identity (1.15) it follows that

2

(3.6) s + 1.5h) — s(a + 0.5h) = 2 > S _ 185 — 5.
By Taylor’s theorem if f € C"[a, b] withn = 4 or 5,
f(a + 1.5k) — f(a + 0.5h)
(3.7) —fo K h . W .
='f2—20—ﬁ( S—E l2"—( 6—ﬁ lov)) + RG,

where |[RE| < Kh"|| f™], . A subtraction of (3.6) from (3.7), use of the left end
condition F2 and the interpolation property of s followed by a division by h*/16
gives e, — e, = R, where |RY| < Kh" 2| f™|,. The same bound holds for
le,,—» — €| so use of Lemma 2 gives a system like (3.5) with a modified first and
last row. Again a matrix reduction allows Lemma 4 to be applied giving the result.
The result for D1 follows easily from (1.13) without requiring matrix reduction.

It is interesting to compare the three homogeneous end conditions H1, H2
and H3. If the spline identities (1.13) and (1.12)" are applied to H1 it may be seen
that H1 is a linear combination of H2 and H3 in the proportion 9 parts of H2 to
— 2 parts of H3. Since H1 is as computationally involved as H3 but is contaminated
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by the lower order error of H2, it would seem that the use of either H2 or H3
should be preferred.

One example of such an application would be the use of collocation tech-
niques over Sp (n,,,n + 3) to approximate the solution of the nonlinear two-
point boundary value problem

D= f(x,u, -, u" 1), a<x<b,

with boundary conditions

n—1

2 [aua) + b ()] =0, 1=<i=zn,

j=0

where Spy (n,,, n 4 3) is the space of C"*?[a, b] polynomial splines of degree
n + 3 in each subinterval of 7, which satisfy the boundary conditions. In this
setting the basic collocation equations are simply

(3.8) s = f(x;y 8 00, STY), 0<i<m,

for seSpo (n,,,n + 3). To have an algebraically well-defined problem, two
additional conditions are required. Since the error analysis of collocation methods
using (3.8) involves the study of uniformly bounded projectors taking any
g € C[a, b] into some Sp (,,, 3)-interpolate of g (see Lucas and Reddien [11]) any
of the end conditions of Table 1 which are feasible in this setting could be con-
sidered. This would evidently include at most H1 — F3. In [11] the projector
corresponding to H1, P,, was studied, and it was shown that if ue C"**(a, b],
then

(3.9) I D(u — ) Loopapy < th4||“("+4)||1,m[a,b], 0=j=n.
Apparently H2 would give similar accuracy but with a simpler band matrix, and
H3 would give smaller constants in (3.9) and hence superior accuracy with a
matrix of the same band type as in the HI1 method. Some numerical experi-
mentation with H3 in place of H1 has confirmed this expectation for a specific
second order problem with an order of magnitude improvement for the error
inu” — s". First derivative error was improved somewhat and the error in function
values was not changed appreciably. This seems consistent with the published
results in Tables 2.1 and 3.1 of [11] and the remark following them concerning
the P, projector.

THEOREM 6. Let s be the Sp (n,,, 3)-interpolate of f with end conditions H4, F3,
D2, DD2, DD3 or DDA4. If fe C"[a, b] for n = 4, 5 or 6, then
2

"o iv _ S//
i

max |\f; —

0<iz=m

< Kh"™?| LN Lootasy-

Proof. The technique of proof is that of Theorem 5. In general it consists of
establishing a Taylor’s theorem result related to the given end conditions, after
possibly transforming them by the use of spline identities. Then Lemma 2 is used
in combination with these results to give a matrix system differing from (3.5)
only in the first and last rows. After possibly performing a matrix reduction, the
results will follow by Lemma 4. The details are omitted.
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580 THOMAS R. LUCAS

COROLLARY. Let s be the Sp (r,,, 3)-interpolate of f with any of the end con-
ditions of Theorem 6. If f € C®[a, b], then

” h2 iv h4 i "
fi_ﬁfi taqfit TS

max 360

O0<ism

< Kh*[ £ ogan-

It is possible to develop end conditions of increasingly high order by general-
izing or combining together lower order end conditions in appropriate ways. We
end this section with a particularly simple 8th order method.

THEOREM 7. Let s be the Sp (r,,, 3)-interpolate of f with end conditions DDS.
If feC"a,b) for n = 4,5 or 6, then

h* . _
(3.10) max | f7 = f1 = s | S KRS o
If feC"a,b] for n = 6,7 or 8, then
h* . /g
G1)  max |ff = S+ g = | S KH ) g

Proof. Assume f e C"[a, b], where n = 6,7 or 8. Denote the terms on the
left of (3.11) by €; as in Lemma 3. By Taylor’s theorem,

2' h4 .
I 1+ﬁf1

oo
‘7 " - v . vi 4 " —
(0 12°+360f°)+6(1

(3.12) . 1
1272 7 360
where |R%| < Kh""?| f™|,. Subtracting DD5 from (3.12) gives 7¢, + 46e,
+ 7e, = R}.Likewise 7¢,,_, + 46¢,,_, + 7e, = R", where|R%| < Kh" 2| f™| .
The bound (3.11) follows by use of Lemma 3 and, after a matrix reduction, Lemma
4. The error bound (3.10) may be derived in a similar way.

+7( 2 - f%‘)=2f6+56f'{+2f’2’+R'5,

4. Error bounds for locally smooth functions over locally uniform partitions.
The following local convergence theorem gives conditions under which the
hypotheses of Theorems 1 and 2 are satisfied for a certain Sp (r,,, 3)-interpolate
of an arbitrary bounded function which is smooth inside a subinterval where the
partitions are locally uniform. While a specific low order end condition is used
for the spline interpolation, it should be clear that the results are not sensitive to
this choice.

THEOREM 8. Let a < a <a < B < b’ = b. Suppose f is a bounded function
over [a, b] with f e C"[d’, b'] for some n,4 < n < 8. Let o = 1 and 7 be any partition
in P [a, b] such that = restricted to [a', b'] is uniform with partition size h. Let s be
the Sp (r, 3)-interpolate of f with end conditions s"(a) = s"(b) = 0. Then there exists
a constant C, dependent on f but independent of n such that

2

4, v i
.1 max | f; T S§

ip=i=iy

SCHh? if4<nZ<e,
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and

2 4

h* . h .
e Ry B

42
“-2) o 12 3607

ipSisiy

<Ch? if6<n<s8,

where x,_ is the first point of m in [o, ] and x;, is the last. Moreover, for n = 4, the
bound (4.1) is valid for arbitrary = € P [a, b] with h = max h;.
Proof. Let g be any function in C*[a, b] N C"[d’, b'] such that f(x) = g(x) for

all xe[a, b]. Letll a;ll = max {|a;|:i, < i < i,} and s, be the Sp (n, 3)-interpolate
of g satisfying s;(a) = sy(b) = 0. Then
h* W h
T v i< v fiv no_ T v
l T BN Pk h (g, 12g‘)

4.3)

h? .
g — 58" — ()i | (o) — sill-
The first term on the right side of (4.3) is zero. We now show that the second is
of the right order.
Suppose 4 < n < 6. Letting a; = h;/(h; + h;,,) and b; = 1 — a;, by Taylor’s
theorem,

h2 . h2 i h2 .
“"(gi'/'l - Egi”-l) + 2(g:~' - 1—2g:V) + b,~(g:~'+1 - Eginl)

4.4)

- +6hi+1[gl+hli+1 & _&i hig"l] +R,  1Sigsm—1,
where |R}| < K h*||g"|| Loy Moreover if x;€(a’ + h, b — h), then
IRY < Koh" 2|1 £ Logar 7
Finally, letting
2 2

h* L
Ry = al(g’é - —g'o"), R}, = bm-l(gm - Egm)

12
and
2 .
e =g — 58" — (), 0=is=m,
it follows from (1.12) that
(2 b, 1[e 1 [Ri—Rry ]
a, 2 b, 23 2
as; 2 by €3 3
4.5) . = .
Ap_2 2 bn-» ém_z i{fn_z
i Ay 2 Jlem-1] | Ru-1— R, |

This content downloaded from 132.248.180.34 on Wed, 22 Aug 2018 15:46:47 UTC
All use subject to https://about.jstor.org/terms



582 THOMAS R. LUCAS

By an inequality of Kershaw [8], writing (4.5) as AE = B, the elements of
A~' = {a;;'} are bounded by
(4.6) la; ' < 40.5)*, 1<i,j<m—1.
Therefore, letting A = min {a ~ a',b' — B},
llell < 2K 1"~ 21 f 1 peogar y + 0.514)(16/3) | B,

where [ -] is the greatest integer function. Since (0.5)4"h =% - 0 as h — 0 for any
k, it follows that [e,|| < Kh"~2.

We now consider the last term in (4.3). Let r(x) = s,(x) — s(x). Then ry .
= r,, = 0. By the spline identity (1.12),

ati-y + 2r{ + biriy
(4.7) _ 6 Fivg =1 Ty — Ty
- hi + hiyy hisy h;

Denoting the right side of (4.7) by c;, max |c;] £ Kh~? since h; < oh and fand g

are both bounded. Also [lc;l = 0. Another application of (4.6) thus gives for
g S i1y,

], 1<i<m-1.

m—1
=2 05 ) < 0.5 mKA2.
35 3
Thus [|r}|| £ Kh"~? giving (4.1). The proof for (4.2) is similar.
COROLLARY. Leta = a' < o< f <b" < b and f be a bounded function over
[a, b] with fe C*[d,b]. For any me P,[a, b] with h sufficiently small if s is the
Sp (w, 3)-interpolate of f satisfying s"(a) = s"(b) = 0, then

IDUf = oy = KR* ™, 0Zj<2.

K is dependent on f but independent of .

Proof. By Theorem 8 if a < a' <a" <a<f<b” <b <b, forany x;en
with x; e [a",b"], | f{ — s/| £ Kh?. But for h sufficiently small, the first and last
partition points of [a”, b"], x;, and x;,, will be such that a” < x;, <o < f < x;,
< b". The result follows by Lemma 1. '

Kammerer and Reddien [7] have established a similar result, but they re-

quired that either n € P;[a, b] or f € C'[a, b].

5. A numerical example. We will illustrate these results by giving a variety
of errors for interpolating cubic splines with end conditions DD1, D1, F3 or
DDS5. Note these end conditions are of order 4, 5, 6 and 8. The function
f(x) = e cos 5x will be interpolated over [0, 1] with the uniform partition spacing
h = 0.05. The approximate rates of decrease of the error, O(h%), where a is com-
puted from the observed decrease in the error from h = 1/16 to h = 1/20, is given
in parentheses. (See Table 2.)

The set m,, = {partition points}, M = {midpoints} and L = {midpoints
+ h/ﬂ}. Table 3 illustrates the great improvements possible in estimating
f", f" and f at the partition points by use of finite difference operators and
higher order end conditions such as F3 or DDS5.
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TABLE 2

L*® and point errors and rates with four end conditions

583

h = 0.05 DDI DI F3 DDs
ILf = sllLego.1 0.000039(4.10)  0.000025(3.99)  0.000025(4.02)  0.000025(4.03)
If" = 5"l pogor; 0.00292 (3.10)  0.00150 (2.99)  0.00149 (3.02)  0.00149 (3.02)
Lf" = 8"l ogo. 0317 (203) 0313 (203) 0314 (2.03) 0314 (2.03)
max |f(x) = s(d] | 000292 (310) ~ 00002483.66) ~ 0.000205(401)  0.000250(4.01)
XETM20V
maLxlf”(x)—s"(x)l 0.149 (2.10) 0.0131 (2.56) 00118 (3.01)  0.0138 (2.95)
mz‘i‘i(lf’”(x)—s"’(x)l 5.33 (1.11) 0.606 (2.01) 0.606 (2.01) 0.646 (1.82)
TABLE 3
Derivative errors and rates at knots using finite difference operators
h =005 DDI Di F3 DD5
max | f}
15ig19
Siyq +10s] +57_
- 0.0255(2.08)  0.00161(2.79) 0.000869(3.96) 0.000736(3.94)
max | f}
25is18
—Sipo+ 14(s), | —s7_ ;) + s/
— 2 (+2‘4h -1 2 0.689(0.970)  0.0652 (2.32) 0.0171 (4.04) 00171 (4.02)
max |fIV
15is19
Sty = 25 45
R 119.  (0.008) 11.2 (1.02) 239 (2.08) 0.0107 (3.78)

In all cases the rates of decrease are, to the closest integer, those given by Theorems
1 and 2 in conjunction with Theorems 4, 5, 6 and 7.

6. Conclusions. From §§ 2 and 3 we have seen that for partitions = € Py[a, b]
and families & of periodic functions the periodic end conditions (1.8) give Sp (=, 3)-
interpolates of smooth functions f which yield approximations of /', f, f and
f¥ of order up to O(h*) at selected points. Moreover if the end conditions are
chosen carefully these same results generalize to nonperiodic functions. In §§ 2
and 4 it was shown that these approximations are locally valid for general par-
titions 7 € P,[a, b] and bounded functions at certain points inside regions where
the partitions are all locally uniform and the function is in a high order local
smoothness class.
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