[MAA 3.5]

SIN, COS, TAN ON THE UNIT CIRCLE - IDENTITIES
SOLUTIONS

Compiled by: Christos Nikolaidis

0. Practice questions

1.

3.

(@

sin160° p

sin200° -p

cos160° —-q

c0s200° —-q

tan160° -p/q

tan200° p/q

sin340° -p

sin(-20°) -p

c0s340° q

cos(-20°) q

tan340° -p/q

tan(-20°) -p/q

tan 20° = 2 (in terms of p and gq)
q

sin 40° = 2pq (in terms of p and q)

g -p° (in terms of p and q)

cos 40° = 1-2p° (in terms of p only)

2q° -1 (in terms of g only)

(@) cos’x+sin’x=1=>cosx=+/1-p’

(b)

Formula Expression in terms of p
sin x p
tan x = 2
cos X 1-p
cos 2x =1-2cos’ x 1-2p*
sin 2x = 25sin X COS X 2p\1-p°
o O _ sin2x 2p41-p?
cos2x 1-2p°
sin 4x =2sin2xcos2x | 4p\1-p*(1-2p%)




(@

4 3 cos0=—7, tarlé’:i
4 J7
J7
(b)
4i V7 sin@zﬁ, tanﬁzﬁ
0 4 3
3
()
S 3 siné’zé, cos6’=E
a 5 5
4
In the 2nd quadrant only sin is positive. Hence
(a)
4
3 cos¢9:——7, ‘[an¢9:—i
4 V7
NE]
(b)
4i Jis sinﬁzﬁ, tan@ = —/15
0 4
1
()
V15 4 . 1 4
sinf=—, cosf=———=
( N N
1
_ _ _ . 2 . 2 .
@ 1 .cos2¢9 :1 (1' 2sin” @) _ %sm 0 _ sin & ~ tan
sin 26 2sinfcosd 2sinfcosd cosd
b) sin20  2sinfcos6 _2s1n6’c0s49_s1n6’_tan0

1+c0os20 1+(2cos’@—1)  2cos’®  cosO
(@ (cos@+sinf)’ =a’ = cos’@+2sinfcos@+sin’ O =a’ = 1+sin20=a’
sin26 =a’ -1

(b)  (cos@—sin@)* =cos’@—2sinfcosf+sin” §=1-sin20 =2—-a’

Hence, cos@—sin@=+/2—-a’



2
8. (a) (cose+sin0)2=(§) :>c0520+2sin0c050+sin20=%:>1+sin20=%

sin 26 = Z
9

2
(b) cos4¢9=1—25in22«9=1—2(1j =1—2(£j=1—7
9 81) 81

2
9. (3 (cosH—sinﬁ)zz[%j :00520—25in6’cos«9+sin2«9=i:>1—sin26’=%

sin 26 :E
4

2
(b) cos40=1-2sin> 20:1—2(2] :1_2(2]:_1
4 16 16

A. Exam style questions (SHORT)

10. (a) Acute angle 30° = #=150° (2nd quadrant since sine positive and cosine negative)
1

2 1
(b) tan150°= ——==-—
I
2

11. (a) xisan acute angle => cosx is positive.

cos? x+sin® x =1=> cosx =+v/1 —sin x—wf 1/ (f—)

1
(b) cos2x=1 ~2sin’x=1-2 (—j = Z
3 9
2 A2 .o \/g
12 (a) BC=y32-2=5 sing= 5
sin 260=2 sin 0 cos 8= 2 ﬁ (gj= M
3 3 9
(b) cos20= 45 1 OR cos26= 1—2><§= 1
9 9 9 9 9
13. sind= El = cos A= +2 But 4 is obtuse = cos 4 -2
13 13 13
sin 24 =2 sin A cos A=2 x ix _l2) 120
13 13 169
14. (a) (i) sinl40°=p (i) cos70°=—¢q
(b) METHOD 1 METHOD 2
using sin® 6+ cos® 6= 1 using cos® =2 cos® 6 1
cos 140° =—./1- p? cos 140° = 2c0s°70-1= 2(—¢)*~1 = 2¢4°— 1
(¢ METHOD 1 METHOD 2
tan 1400 = S0140°____p tan 140° = —£

cos 140° 1-p? 2¢° -1



15.

16.

17.

18.

19.

(@)
(b)

(@
(b)

(@
(b)

(@)

(b)

2
cos 24 =2cos* A — 1= 2 x (lj - 1!=—l
3 9
METHOD 1
using sin? B+ cos’B =1

cos B= J_r\/g (ziﬁJ cosB=:=—£

3 3
METHOD 2

(2]

Diagram, eg
third side equals \/g

J5

cosB= ———
3

tan 0 = 3
4
(i) by using a right-angles triangle with sides 3,4,5

sin6’=§,cos6?=i
5 5

sin26’=2sinxcosx=2—;1
2 2 2 2
(i) cos20=1-2 E =i OR cos20= 3 s 43 =i
5 25 5 5 5 25

. sinx . . .
fx)= sin® x + cos® x =sinx (sm2 x + cos’ X) = sin x
cosx
f(2x) =sin 2x =2 sin x cos x

V5

sin’ x + cos’x =1 => cos x = _T

2]( JEJ_ 45

33 ) 9

3 S2x)

f(2x)=2(

NG

c0s30° =1—2sin?15° = 7=1—2sir1215":> 3 =2-4sin?15°

2-43 2-3
4

=sinl5° =
2

V3

c0s30° =2cos’15° -1 = 5 —2c08*15° 1= 3 =4cos’15° —2

243 V2443

=co0sl5’ =———
4 2

sin*15° =

cos’15° =

sin 40(1 — cos 20) _ 2sin20cos20(1—cos260)  2sin26(1—-cos26) 1—-cos20

cos 20(1 — cos 46)

_1-1+2sin’0  2sin’0  sinf

cos20(1-1+2cos’20) 2sin” 26 sin 20

=tand

~ 2sinfcosf 2sinfcosd cosd



20.

21.

22,

23.

2sin4x—3sin2x=0<4sin2xcos2x—3sin2x =0
sin2x(4cos2x—3)=0

4co82x-3=0 & cost=%

200s2x—1=§<:>cos2x=Z
4 8

2asin2xcos2x+bsin2x=0

sin2x(2acos2x+b)=0

cos2x=——
a
2cos’ x—1=—2
2a
) b1l 1 b 2a-b
=cos"x=|l-—|=—=—— =
20 )2 2 4da 4a
9 12

sinC  sin2C
12

sinC  2sinCcosC

Using double angle formula

=9(25inCcosC)=125inC
= 6sinC(3cosC—2)=0 orequivalent
(sinC = 0)
= 3
= cosC = :

sinx _sin2x - sinx _2sinxcosx

(a) & AC=20cosx
10 AC 10 AC
(b) Area ABC :%ACXBCsinCQ SOCosx:%IOXZOCosxsinC
sinC:% = é=30°

B. Exam style questions (LONG)

24.

(@ cos DAC=cosx= %

2
A 14
(b) cos BAC =cos2x =2cos’ x—1=2(> | —1=20_ ;14 _7
6 36 36 18
© cosBAC = o= oap=218 Ap_2
AB 18 AB 7

. 7
d smB=—
(d T

(d CD*+5=6"=CD=A/11

co_ii

tan BAD =tanx = —
5 5



25.

26.

27.

(@)

(b)
(©)

(@
(b)

©

(d)

(©

(@

(b)

©

A= lx 3xsinfd so sinf= 4'422
3x
2 2 2 2 AL
Cosine rule gives cos 8= X ABN) ()T 3 22x 3
2xxx3x 2x

(1)  Substituting the answers from (a) and (b) into the identity
0052 0=1- sin2 0 gives
W ow-3) | (a42Y
[ 2x? ] - _[ 3x? )
(i) (a) x=1.24,294
3x2 —2x - 3]

2x?

0= 1.86radians or §=0.171

(b) O =arccos [

1 x=5 () y,, =144

(i) z=10-x (sincex+z=10)

() 2= x*+6%—2(x)(6)cos Z

(i) 100 —20x +x* = x>+ 36 — 12x cos Z

20x — 64 _ 5x-16
12x 3x

< 12xcos Z=20x—64 < cosZ=

A:%x6><x><sinZ=3xsinZ = A*=9"sin’ Z

>x—16 for cos Z

Using sin® Z=1—-cos> Z,  Substituting

o (5x-16Y [ 25x% —160x+256
and expanding 3 to
X

9x?
A?=9x% — (25x - 160x + 256) =—16x" + 160x — 256
(i) 144 (is maximum value of A?, from part (a))
Amax = 12

(i) Isosceles

For the height 4, sin 6= g < h=2sin6
For the base of triangle b, cos = §<:> b= 2cos b

Area y = 2(%><Zcos¢9x2sin0]+2><2sin9— 4 sin @ cos 8+ 4 sin §

y=4sin 6+ 2 sin 20
4sinf+2sin20=5

0=0.856 (49.0°), 0=1.25 (71.4°)
By graph GDC 4 <4 <5.20



