Lecture Notes Integrating by Parts

page

Sample Problems

Compute each of the following integrals.

1. /azex dz 4. /lnm dz
2. /xcosx dx 5. /sinlx dzx
3. /me4x dx 6. /tanlx dx

Practice Problems

9
1
, 12, /m: da
6. [ 72" dx x
1

(© copyright Hidegkuti, Powell, 2009

7. /exsinx dzx

8. /w2 sin bx dx

9. /Sec3a: dx

13. /exsin2x dx

/4
14. /xsian dzx
0

3
15. /562 dz
(2% +2)

16. /lnf do
x

17. /65”” cos 3z dx
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Sample Problems - Answers

1 1
1.) ze®* —e*+C 2.) xsinz +cosx + C 3.) —Ee*“—zme*‘lx—l—c 4) zlnx —z+C
1 1
5.) xsinlz+V1-224+C 6.) ztan_lw—ﬁln (> +1)+C 7)) 5655 (sinz —cosz) + C
8.) 125+2‘5+2 5z + C 9)1 t +11\ +tanz| + C
) ——x*cos —xs —— cos ) =seczta —1In |sec a
e T+ Sersinbe + o x 5 seca tan + 5 In [sec nx

Practice Problems - Answers

1 1 1 1 7 1
1.) §$€2$—162$+C 2.) —§e_3x—§xe_3x+0 3.) ﬁ—ﬂlrﬂ 4.) wcoslax—+1—-22+4+C
27 1 27 2z 2
5) — [z —— C 6.) ——(2%———+ = C 7. i C
) 2 <$ 1n2>+ ) 2 <”3 ln2+ln22)+ ) @sinz +cosz+
2 : L o L s L6 1 6
8.) z®sinz + 2z cosx — 2sinx + C 9.) 3% lnx—zx +C 10.) g% lnx—%x +C
11) —— sin10z — — 10z + C 12.) 6In9—8 13) e sin2e — 2e% cos 2z + C 14 1
) ——=sin10x — —x cos 10z . n9— ) —e¥sin2z — —e® cos 2z =
100 10 ) 5) 4
15.) 111(1(3:2—1—2)4— +C 16.) —L—Llnx—i—(}’ 17.) E(cos?mb')ef""‘”—i—i(s.in39v)e‘r””—i—C’
2 22 +2 3626 626 34 34
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Sample Problems - Solutions

1. /mex dx

Solution: We will integrate this by parts, using the formula

/udv:uv—/vdu

Let u =z and dv = e®dx Then we obtain du and v by differentiation and integration

du

) :1andsodu:dmandv:/dv:/exd:c:ew—FC’ we wil use C =0
x

We summarize these results in the table below:

v=¢e" u=x

dv = e*dx | du = dx

/udv = uv—/vdu becomes
[aede = aer— [ertn—[ae =i C]

We should check our result by differentiating the answer. Indeed,

d
d—(me"”—ex—i—C):ex+mex—em:a:ex
x

2. /a:cosa: dx

Solution: Let u =z and dv = cosx dr Then we obtain du and v by differentiation and integration.

d
v= [ dv= /cos:c dx =sinz + C (we will use C =0) and d—u =1 = du=dz. We summarize these
x

results in the table below:

v=sinz Uu=2x

dv = coszdz | du = ldx

/u dv = uv—/v du  becomes
/a;cos:c dr = xmsinz — /sina: dr =xsinx — (—cosz) = ’xsinm+cosm+0

We should check our result by differentiating the answer. Indeed,

d
. (xsinz + cosxz + C) =sinz + xcosz — sinx = x cosx
x
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3. /:1364“” dzr

Solution: During the computation, we will see some sort of a "good news-bad news" situation. The bad
news is that in the course of the computation, we will run into two integrals that require substitution. The
good news is that we only have to compute once because the two integrands are identical. This will happen
quite often when integrating by parts, especially when exponential equations are involved.

Let u =z and dv = e **dz Then we obtain du and v by differentiation and integration.

d
U=z == duzl = du=1ldr and v:/dv:/6_4xdx
T
o L dw dw
To compute v, we will integrate by substitution. Let w = —4x then e —4 and so dx = 1
™ _
dw 1 1 1
—4x _ w = w LW — _ —4x
/e dx—/e ) 4/6 dw 46 +C 46 +C
1
We will choose C' =0 and so v = ——e~ 4., We summarize all this in the table below:
T
v=—-e |yu=12
dv = e ¥dx | du = dz
/u dv = uv—/v du becomes
1 1 1 1 1 1 1
—4zx T4 e _ _ = —4x - —4x — _ = —4x - _ - —4x
/a:e dr = 4956 / 4@ dx 4376 —|—4/e dx 4956 +4 ( 46 ) +C
_ 1 —4x 1 —4x
= 4956 166 +C

We check our result by differentiating the answer.

d 1 —4x 1 —4x _
% <—4x€ Ee + C) =

1 _ _
= _Z¢ 4x+xe 4z

_ _1 i —4x _ii —4:p__1 —4x _ p,—4x _i _ p,—4x
= (g ™) - e = (e ) - (-4 )
1

4 4

4. /lnx dz

Solution: Let v =Inx and dv = 1dx Then we obtain du and v by differentiation and integration.

u=lnr =— du_l — duzldx and U:/dvz/ld:c:x
T

dr =

We summarize all this in the table below:

V=2 u=Inx
dv = ldx du:ldaj
T

/u dv = uv—/v du becomes

1
/lnmd:ﬁ = mlnm—/w-dm:ajlnaj—/l dmz’wlnx—x%—c

X
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We check our result by differentiating the answer.

d 1
—(@lnhz—2z+C)=Ihc+z-——1=Ihz
dz x

5. /sin_la: dz

Solution: Let u =sin~!z and dv = 1dz. We obtain du and v by differentiation and integration.

du 1 1

1

T — —=——— — du=———dr and v= [dv= | ldz=2x
dx V11— 22 V1= x? / /

We summarize all this in the table below:

u = sin~

V=2 u=-sin"lz
T
dv=1dx | du = ——=dx
V1—22

/u dv = uv—/v du becomes

1
.1 .1
sin~"zdr = xsinTTx— | 2 —— dx
/ / V1—22

= xsin~

1:17—/xd:£
Vv1—22

d d
We compute the integral/\/liiﬂ dz by substitution. Let w = 1—22. Then % = —2z and so dx = _—;Ux
T T r dw 1 1 1
2 _dx = " de= | = =~ —dw=—= —1/2 g
/\/1—.7}2 ! /\/1—.7}2 ! /\/@—237 2/\/@ v 2/w Y
1 wl/?

= ———+C=—Vw+C=—-/1-22+C

Thus the entire integral is

/sinlsc dr = xsin 'z — (—\/1—x2) —l—C:‘xsin_lx—i-\/l—x?—f-C"

We check our result by differentiating the answer.

i (msinflx—i—m—FC) =

dx
1 1 _
- % (msin—l :c) + % (1 - 332)1/2 —sinlz+x- ﬁ + > (1 B mg) 1/2 (—22)
= sin” : =sin"tz

T
T+ -
V1—22 1-—22

6. /tan_lx dz

Solution: Let u = tan~!x and dv = 1dz. Then we obtain du and v by differentiation and integration.

d 1 1
u=tan 'z = djzﬁ — du= 2+1dm and v:/dv:/ldazzx
T T T

We summarize all this in the table below:
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V=2 u=tan "z

dv = 1dx | du
/u dv = uv—/v du becomes

1
/tan_lzn de = ztan_lw—/m- dmzmtan_lm—/ v dx
241 241

We compute the integral /

2::_ 1 dx by substitution. Let w = 22+ 1. Then dw = 2zdx. We will not solve
x
for dz, instead, we will take a bit of a shortcut.

1
5) @)=
x <2> 1/ 1 11 1 1,

Notice that we did not need the absolute value sign because 2 + 1 is always positive. Now the entire integral
is

1
/tan_lx dr = xtan_lx—gln(a:Q—i—l) +C

We check our result by differentiating the answer.

i (xtan_lx—;ln(a@z—i—l) +C> =

dx
d 1d 1 1 1
= o (ztan™'z) — §%ln (2 +1) =1-arctanz + x - 1 22741 (2x)
— tan~! x z -1
= tan "z + tan™ " x

241 2241

7. /em sinx dx

Solution: This is an interesting application of integration by parts. Let M denote the integral / e’ sinx dz.

Let u =sinz and dv = e®*dx Then we obtain du and v by differentiation and integration.

. du
u=snx =— d—zcosx = du=coszdr and v= [ dv= [ e'dx =¢"
T

We summarize all this in the table below:

u=sinx

dv = e*dx | du = coszdx

/u dv = uv—/v du  becomes

/(sinm) (e") dx = (sinx) (ex)—/excosac dm:exsinx—/excosx dx

Thus /exsinx dx:exsin:c—/excosx dz
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It looks like our method produced a new integral, / e” cosx dr that also requires integration by parts. We

proceed: let u = cosz and dv = e*dxr Then we obtain du and v by differentiation and integration.

du

dzx

U =CcosT =—> = —sint =— du= —sinzdz and UZ/dU:/€$d$:6$

We summarize all this in the table below:

v=-e U = COS T
dv = e*dx | du = —sinxdx

/u dv = uv—/v du becomes

/(Cosx) (¢®) dz = (cos) (ex)—/ex(—sinx) dx—excosx—i—/exsina: do

Thus /excosx dx:excosx+/exsinx dz

Now we obtained the original integral, / e’sinz. At this point, it looks like we are getting nowhere because

we are going in circles. However, this is not the case. Recall that we denote / e*sinx by M. Let us review

the computation again:

/e‘”sinx der = e’”sinx—/excosa: dz

/exsinx dr = €%sinx — <excosx+/exsinx dm)
/ewsinaz dr = ewsinx—excosx—/emsinsv dzx

This is the same as
M =¢€e"sinz —e*cosx — M

This is an equation that we can solve for M.

2M = ée*sinx —e®cosz

1
M = §ew (sinz — cos z)

1
Thus the answer is 56“ (sinz — cosz) + C'| We check our result by differentiation.

- (5o Gine —cosa) ) =
du 26 sinx COS T =

d 1 .d 1 1
<d:€6m) (sinz — cosz) + iema (sinz — cosz) = iex (sinz — cosz) + 56’” (cosx + sinz)

N = DN =

1
e’ (sinz — cosx + sinx + cosz) = ie"’: (2sinx) = e*sinz
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8. /332 sin bx dx

Solution: We will need to integrate by parts twice. First, let « = 22 and dv = sin 5zdz. Then we obtain du
and v by differentiation and integration.
du

u=1> = d—:2x = du=2xdr and v:/dv:/sinE)xdx:—écosE):c
T

We summarize all this in the table below:

1
v=——cosbr | u= x>

dv = sinbxdx | du = 2xdx

/u dv = uv— /v du becomes
. w1 1 1, 2
r?sinbx dor = (:U ) — cosbr | — — cosbr | 2xdx = —gx cos bx + A x cos b dx

We compute the integral /ZECOS 5z dx by parts. Let u = zx and dv = cosbxdx. We obtain du and v by

differentiation and integration.
1
u=x =— du=dr and v—/dv—/cos5xdx—5sin5x

We summarize all this in the table below:

vzgsinE):c u==x

dv = cosbzdzr | du = dx

/u dv = wuv— /U du becomes
1. L. I . 1 .
/$COS5$ dr = (x) (5 S1n5:n> —/5sm5$ dr = gmsmE)x — 5/51n5m dx

1 1 1 1 1
= 5$Siﬂ5$ % (—cosbx) +C = 5$Siﬂ5l‘ + %cos&’c +C
Now the entire integral is
1 2 1 2 /1 1
/x2 sinbr dx = —5:r2 cos b + = /xcos5:r dr = —5:1:2 cos bx + = <5:L‘sin5x + %cos5$ + C’)

N + 2 5z + 2 5z 4+ C
= 5:E COS O 25IL‘SIH X 195 COS O

We check our result by differentiating the answer.

d [ 1, 2 2
. (—5$ cos b + 25x51n5x+ 55005533‘*‘ C)

|~

2 d 2 d
(2? cos bz) + % dn (rsinbzx) + 125 2z °°° br =

dx
2
—— (2zcos bz + 2* (—5sinbz)) + % (1-sinbz + z (5cosbx)) + (5(—sinbz))

125

2 2
2z cos 5z — 5r% sin5x) + % (sinbx + bz cosbx) + 125 (—5sin 5x)

2

2 2 2
= —Zxcoshr + x%sinbr + — sin 5z + —x cos br — — sin bx = 2 sin 5z

25 ) 25

ot [\DCﬂ\)—‘O‘(\}—‘O‘l\I—‘
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9. /sec3x dr =

Solution: Let u = secz and dv = sec? zdx. Then we obtain du and v by differentiation and integration.

du
u=secr — d—:tanxsecx — du=tanzsecxdr and v= [ dv= [ sec’?x dx = tanx
€T

We summarize all this in the table below:

v =tanx U = secx

dv = sec? xdx | du = tan z sec zdx

/u dv = uv/v du becomes

/secxsecQ:x dr = secxtanx—/tanxtanxseca: dx:secxtanx—/tanzxsecx dx

For the second integral, we will use that tan®z + 1 = sec? .

/taanseC$ dm:/(seCQm—l)secx dm:/sec?’x—secw dm:/sec?’:p d:n—/sec:p dzx

Recall that / secz dr = In[secx + tanx| + C. Thus we have that the second integral,

/tan2xsec:c dr = /Sec?’:c dr — /Secx dr = /sech dx — In [sec x + tan z|
In summary, so far we have that

/Sec3:c dr = secxtanm—/tan2a:secm dx
= secrtanx — (/sec3x dm—ln]seca:—i—tanx])

= secxtanz — /sec3x dx + In [sec z + tan x|
We now have an equation in / sec® z dx that we can easily solve.

/sec3az dx = secxtanx/sec?’x dx + In|sec z + tan z|
2/SeC3:L' dr = secxtanz + In|secz + tan x|

s 1 1
sec’x dx = §seczntanx+§ln|sec33+tanx|

1 1
and so the answer is 3 secrtanx + 3 In|secz + tanz| + C

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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