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“Inven'on	  is	  discernment,	  choice”	  
	  
“The	  true	  work	  of	  the	  inventor	  consists	  in	  choosing	  among...	  
combina+ons	  so	  as	  to	  eliminate	  the	  useless	  ones	  or	  rather	  to	  
avoid	  the	  trouble	  of	  making	  them,	  and	  the	  rules	  which	  must	  guide	  
this	  choice	  are	  extremely	  fine	  and	  delicate.”	  
	  
	  
	  
	  
Poincare,	  H.	  (1908).	  Science	  and	  Method	  	  
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“If	  the	  situa+on	  is	  not	  familiar	  or	  there	  is	  something	  non-‐
rou+ne	  about	  it,	  then	  decision-‐making	  is	  made	  by	  a	  mechanism	  
that	  can	  be	  modeled	  by…using	  the	  subjec+ve	  expected	  values	  
of	  available	  op+ons,	  given	  the	  orienta+ons	  of	  the	  individual.”	  	  
	  
Schoenfeld,	  A.	  (2010).	  How	  We	  Think.	  	  
	  
	  

Choice	  in	  student	  problem	  solving	  



Two stories of creativity and choice 

§  School project for 9th grade students (15 year old) 
§  More than 100 students/ 40 projects 
§  The conduct of the project:  

•  Choosing a problem out of about 10 problems 
•  Solving the chosen problem 
•  Posing/choosing follow-up questions 
•  Pursuing the chosen questions 
•  Presenting results at the student conference  
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	  Pizza	  Problem	  

Every	  straight	  cut	  divides	  pizza	  into	  two	  separate	  pieces.	  What	  is	  
the	  largest	  number	  of	  pieces	  that	  can	  be	  obtained	  by	  n	  straight	  
cuts?	  
A.  Solve	  for	  n	  =	  1,	  2,	  3,	  4,	  5,	  6	  
B.  Find	  a	  recursive	  formula	  for	  the	  case	  of	  n	  	  
C.  Find	  an	  explicit	  formula	  

B: 𝑃↓𝑛 = 𝑃↓𝑛−1 +𝑛, for 𝑛≥0 
C:     𝑃↓𝑛 = 𝑛(𝑛+1)/2 +1 

0	   1	   2	   3	   4	   5	   6	   7	   …	   n	  

1	   2	   4	   7	   11	   16	   22	   29	   …	  



Three-‐week-‐long	  story	  of	  Ron	  in	  pictures	  	  
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"I	  was	  stuck	  in	  one	  to	  six.	  And	  I	  just	  
thought…six	  divided	  by	  two	  gives	  three.	  I	  
just	  thought	  there's	  three	  here,	  but	  I	  could	  
not	  find	  the	  exact	  connec+on	  [to	  22].	  I	  do	  
not	  know	  why,	  but	  I	  mul+plied	  it	  by	  7,	  and	  
voila	  –	  I	  got	  the	  result."	  

Ron	  about	  his	  insight	  



Ron	  chooses	  the	  follow-‐up	  ques'ons	  

"When we have a formula, but don’t know its meaning, it is 
not interesting... If we’d know how the formula  
[( 𝑃↓𝑛 = 𝑛(𝑛+1)/2 +1 )]  
is constructed, we would know it for 100%. We got it by 
chance. So we do not know what it means.“ 
 
Ron’s new goal was two-fold: 
“Why it [the formula] works, and prove that it works”  
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Four	  addi'onal	  weeks	  of	  the	  Ron’s	  story	  
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Culmina'on:	  Ron’s	  big	  idea	  

No.	  of	  All	  PIECES	  =	  CLOSED	  PIECES	  +	  OPEN	  PIECES	  
	  	  

(𝑛−2)↑2 +𝑛/2 −1+2𝑛=	   (𝑛−2)↑2 +𝑛/2 = 𝑛(𝑛
+1)/2 +1  	  
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Ron: We proved it!! 

Alik & Boris: What? 



The	  story	  of	  Eli 

Eli noted in his essay about the triangular numbers  :  
𝑇↓𝑛 =1+2+3+…+𝑛= 𝑛(𝑛+1)/2  
He then wrote: “A factorial is very similar to a triangular 
number. Only there is multiplication instead of 
addition.” 
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Two month before the beginning of the project 



The	  first	  week 
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u  The	  student	  drew	  dozens	  of	  circles	  represen+ng	  a	  pizza	  
and	  cut	  them	  by	  straight	  lines.	  

u  	  “the	  maximum	  number	  of	  pieces	  is	  obtained	  when	  
each	  new	  line	  intersects	  all	  previous	  lines”.	  

u  	  The	  results	  were	  recorded	  in	  hand-‐made	  tables	  and	  
then	  in	  an	  Excel	  spreadsheet.	  

u  Eli	  began	  exploring	  the	  tables	  for	  various	  arithme+c	  
rela+onships.	  	



Eli's	  report	  aMer	  the	  first	  week 

1,3,6,10 are triangular numbers representing the 
differences between the number of pieces of the 
previous element and the number of cuts of the 
next element. For now this is the formula and 
the way to find the smallest number of cuts that 
generates the maximum number of pieces. 	  
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Three	  weeks	  later 

Eli sent an email that included the explicit formula for 
Pizza Problem ( 𝑃↓𝑛 =  𝑛(𝑛+1)/2 +1 )  and a detailed 
explanation.  
Briefly, he adjusted the formula  
1+2+3+…+𝑛=  𝑛(𝑛+1)/2  , which he knew for 
triangular number , to the case of the Pizza Problem.  
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Eli’s	  final	  e-‐mail 

“The	   factorial	   of	   addi+on	   is	   a	   sum	   of	  
elements	  from	  n	  to	  1.	  The	  nota+on	  for	  the	  
factorial	   of	   addi+on,	   that	   I	   propose	   to	   be	  
used	   in	   calculators,	   looks	   like	   this:	   	   	   	   	   	   ,	  
similar	   to	   the	   usual	   factorial	   sign,	   yet	  
instead	  of	  a	  mul+plica+on	  sign	   [i.e.,	  dot	  of	  
the	   exclama+on	   mark]	   there	   is	   a	   sign	   of	  
addi+on	  [+]	  under	  the	  exclama+on	  mark.”	  
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1+2+3+…+𝑛= 𝑛(𝑛+1)/2  



Culmination: Eli’s big idea 

Eli proudly presented the solution to Pizza Problem 
and its connection to triangular numbers, but he was 
evidently more proud to introduce mathematical 
notation for "factorial of addition" that he invented, 
and talked about how useful this sign would be in the 
future calculators.  
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What	  is	  unusual	  in	  Ron	  and	  Eli’s	  stories?	  

•  They accepted the initial challenge and 
demonstrated amazing persistence 

•  They chose for themselves challenging follow-up 
questions 

•  They were creative, though in different ways  
•  They produced remarkable (for themselves, their 

classmates and us as teachers and researchers) 
mathematical results 
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Choices	  in	  Ron	  and	  Eli’s	  stories	  

Ron and Eli could choose: 
(1) a problem to solve  
(2) a way of dealing with the problem 
(3) a direction for a follow-up exploration 
(4)  the most important for them (and consequently 

worthwhile sharing) results of their work 
 

Are there more types of student choices? 
Are regular students are in position to choose?  
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A	  chain	  of	  choices	  

Student	  choices:	  Challenge,	  approach,	  
mode	  of	  par+cipa+on,	  extent	  of	  
collabora+on,	  agent	  to	  learn	  from	  	  

Teacher	  choices:	  Task	  space,	  
declara+ve	  knowledge	  to	  teach,	  

modes	  of	  interac+ons,	  expecta+ons…	  	  	  

Commitment	  to:	  student,	  curriculum,	  
mathema+cs	  as	  discipline,	  society,	  

self…	  	  

19 (Koichu, 2019; in prep.) 



Vision:	  Choice-‐Affluent	  Learning	  
Environments	  
Student	  choices:	  Challenge,	  approach,	  

mode	  of	  par+cipa+on,	  extent	  of	  
collabora+on,	  agent	  to	  learn	  from	  	  

Teacher	  choices:	  Task	  space,	  
declara+ve	  knowledge	  to	  teach,	  

modes	  of	  interac+ons,	  expecta+ons…	  	  	  

Commitment	  to:	  student,	  curriculum,	  
mathema+cs	  as	  discipline,	  society,	  

self…	  	  
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If	  I	  had	  more	  'me…	  



o  What	  student	  choices	  I	  tend	  to	  support	  when	  engaging	  my	  
students	  in	  problem	  solving?	  

o  What	  student	  choices	  am	  I	  aware	  of?	  
o  What	  mechanisms	  are	  involved	  in	  student	  choices	  when	  

solving	  challenging	  problems?	  
o  How	  can	  I	  support	  the	  desirable	  choices	  without	  choosing	  for	  

the	  students?	  
o  How	  does	  technology	  (e.g.,	  GeoGebra)	  influence	  students’	  

choices	  and	  crea'vity?	  

My	  favorite	  ques'ons	  to	  myself	  



	  
	  

Thanks	  for	  choosing	  to	  be	  here!	  
	  	  

boris.koichu@weizmann.ac.il	  	  	  
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