[MAA 3.6]

TRIGONOMETRIC EQUATIONS

SOLUTIONS

Compiled by: Christos Nikolaidis

Practice questions

sin”! (1)= 90° cos™ (1)= 0°
w(3) 3
sin” | — |= 30° cos | —|= 60°
2 2
sin” (0)= 0° cos™ (0)= 90°
() ()
sm | —— |= -30° cos | —— |= 120°
2 2
sin” (-1) = -90° sin”' (-1) = 180°
in degrees in radians
x—£+2kn
. 1 x=30"+360%k, 6 ’
SIn X = — . . . 57_[
2 x=150"+360"k x4 ok
x=£+2k7t ,
e V2 x =45 +360°k. 4
2 x =135 +360°k x:%n”kn
T
x=—+2km,
i NE) x=60"+360°k, 3
X=— . .
2 x=120"+360"k x:z?’%zkn
x=-2142kn
_ 1 x=-30"+360"k, 6 |
sinx = —— B . . S
2 x=-150°+360°%k x=—?+2k7t
T
X=——+2km,
. V2 | x=-45 4360k, 4
sr== — _135 +360°k 31
2 r= X=—T+2k’)’[
T
X=——+2km,
, NE) x=-60"+360°k, 3
s == — 120" +360°k 2n
2 = x=——+2kn




sinx=0 x=180°% x=kn

) o
sinx=1 x=90°+360°%k x=5+2kn
sinx =—1 x=-90"+360"%k x=—%+2k7r

Notice: For sin x =0 you could also use two formulas instead of one, as follows

. x=360"% x=2kn
sinx =0
x=180"+360"% x=n+2kn
3.
in degrees in radians
x=£+2k7t,
1 x=60"+360"k, 3
COSX =— ) )
2 x=-60"+360"% v=-T okn
3
x=£+2k7t,
cosx——2 x=45"+360"k, 4
2 x=-45+360"% Ly
4
x=£+2k7t,
cosx——3 x=30"+360"%, 6
2 x=-30"+360"% =T ok
6
x=E+2kn,
1 x=120"+360"%, 3
COSX = —— - . ) o
2 x=-120"+360"% =2 o
3
3n
X =—+2kn,
cosxo N2 | x=135+360°k, 4
2 x=-135+360"% x=—3—n+2kn
4
Sn
X =—+2kn,
cosxo V3| x=150"+360°, 6
2 x=-150"+360"% x=—5—n+2k7t
6
cosx =0 x=90"+180°% x=§+k7r
cosx =1 x=360"k x=2kn
cosx =—1 x=180"+360"k X =n+2kn

Notice: For cosx = 0 you could also use two formulas instead of one, as follows

cosx=0

x=90"k
x=-90%k

x=mn/2+2kn
x=—-n/2+2kn




tan”' (V3 ) = 60° tan™ [—?] =| 300
tan! (1) = 45° tan”! (_1) _ _450
tan”' [ﬁj = 30° tan™' (_\/5) = —60°
3
tan' 0= 0°
in degrees in radians
T
tanx =/3 x=60"+180°k x =tk
T
tanx =1 x =45 +180°% x:Z+kn
3 T
tan x = — x=30"+180"% x=—+kn
3 6
tanx =0 x=180% x=kn
e
tanx = ——— x=-30"+180"% X=——+kn
3 6
T
tan x = —1 x=-45 +180k x=—
T
tanx = —/3 x=-60"+180°k X =k
in degrees —180° < x <180° inradians -n<x<m
sinx—l =30° =150° x=l x22m
2 o t 6 " 6
3
sinx=£ x =45 x =135° x=£, x=—7c
2 4 4
2
sinxzﬁ x=60", x=120° x=2 x=22
2 3 3
sinx =—— =-30", x=-150 O - L
t tT 6 6
. 2 T 3n
siny =——= x=-45, x=-135° x=—z, x:—T
i — 60", x=-120° x=-2, x=-2
smx——7 X = X = 3 s 3




10.

in degrees —180° < x <180° inradians -t<x<T7
COS)C=l x =60° x=-60° x=£, JC=—E
2 ’ 3 3
cosxzﬂ x=45, x=-45 x=£, x=-=1
2 4 4
cosxzé x=30", x=-30° x:%, x:—g
2n 2n
Cosx =—— x=120", x=-120° X=—, X=——
3 3
cosx———2 x=135° x =-135° x=3—n =—3—n
2 ’ 4" 4
cosXx =——— x =150° x=-150° x=5_7c =_5_7c
’ 6 6
in degrees 0" <x<360° in radians 0<x<2n
sinx =0 x=-180", x=0", x =180’ x=0,x=m, x=2n
sinx =1 x=90° x=m/2
sin x = —1 x =270 x=3mn/2
cosx=0 x=90", x=-90° x=n/2, x=3n/2
cosx =1 x=0°", x=360° x=0, x=2=n
cosx =-—1 x=180° X=T,
in degrees —180° < x <180’ inradians -n<x<m
sinx=0 x=-180°", x=0°, x=180° x=-m,x=0,x=mx
sinx =1 x=90° x=mn/2
sinx =-1 x=-90° x=-m/2
cosx=0 x=90", x=-90° x=n/2, x=-m/2
cosx =1 X = x=0
cosx =-1 x=180", x=-180° X=m, X=-T
(a) sinx:l
2

(b)

©

x=30°4+360°% :
x=150°+360° :

x=30°, x=390°
x=150°, x=510°

sin2x = l
2

2x =30°+360°% = x=15°+180°:
2x =150°4+360°% = x =75°+180°:

sin3x = l
2

3x=30°+360°% = x=10°+120°:
3x=150°+360°% = x =50°+120°:

x=15°, x=195°
x=75°, x=255°

x=10°, x=130°, x =250°
x=50°, x=170°, x=290°




11.

12.

13.

(@

(b)

©

(@

(b)

©

(@

(b)

©

N | —

sinx =
x:E kn_n+12kn : x:E’ x:13_n
6 6 6 6
_5_7: e _57c+12k7c x=5_n, leﬁ
6 6 6
1
sin2x =—
2
2 St n+12k7t : x=£,x:13—n
12 12 12
2w =0y oy 2 _Sn e
6 12 12 12
s1n3)c—l
2
3x 2 = n+12k7c : x=£, = 137t @
6 18 18 18 18
3Ix =5_7t+2k 57c+12k7c : x=5_n’ ‘o 177: _ﬁ
6 18 18 18 18
cosx =—
x=60°+360°% x=60°, x=420°
x=-60°+360°% : x=300°, x=660°
cos2x=l
2
2x =60°+360°% = x =30°+180° : x=30°, x=210°
2x =-60°+360°% = x =-30°+180° : x=150°, x=330°
1
cos3x=—
3x=60°+360°% = x=20°+120°: x=20°, x=140°, x=260°
3x=-60°+360°% = x=-20°+120%: x=100°, x=220°, x =340°
cosx =—
x== 2k7c=n+6kn : x:E’x:E
3 3 3
x=—L42kn= n+6kn: x:S—n,x:ﬁ
3 3 3
1
cosS2x =—
2
2x =—+2kn x:TE+6k’TE x:E, x:ﬁ
6 6 6
2x=—L4 2km :—7:+6k7c x:S—n, xzﬁ
3 6 6
1
cos3x=—
2
3x=—+2kn x=n+6k7t x==Z, x=ﬁ, x=13—n
9 9 9
3x=——+2kn x:—n+6k7c x:5_n’x:ﬁ,x:17_7t
9 9 9



14.

15.

16.

17.

in degrees  0° < x <360° inradians 0<x<2m
tan x = /3 x=60", x=240° x=n/3, x=4n/3
tanx =1 x=45, x=225 x=n/4, x=5n/4
tan x =+/3 /3 x=30", x=210° x=mn/6, x=Tn/6
tanx =0 x=0", x=180", x =360° x=0, x=n, x=2n
tanx =—/3/3 x=150", x=330° x=5n/6, x=11n/6
tan x = —1 x=135", x=315" x=3n/4, x=Tn/4
tan x = —/3 x=120°, x =300’ x=2n/3, x="5n/3
in degrees —180° < x <180° inradians -n<x<m
tan x = /3 x=60", x=-120" x=mn/3, x=-2n/3
tanx =1 x=45", x=-135 x=n/4, x=-3n/4
tanx=+/3/3 x=30", x=-150° x=n/6, x=-5n/6
tanx =0 x=0", x=180", x =—-180° x=0, x=m, x=-=
tanx =—/3/3 x=-30"°, x=150° x=—m/6, x=51/6
tan x = —1 x=-45, x=135° x=-n/4, x=3n/4
tan x = —/3 x=-60", x=120° x=-n/3, x=2mn/3

(a) tan2x =0

2x =180% = x=90%% : x=0° x=90°, x=180°.
(b) tan3x=0
3x=180% = x =60 : x=0° x=60°, x=-60°.
(c) tan3x =1

(d)

(@

(b)

©

(d)

3x =45°+180°% = x =15°+60°% : x=15°, x=75°, x=-45°.

tan3x=-1

3x=-45°+180% = x =-15°+60°k : x=-15°, x=45°, x=-75°.

tan2x=0
2x=k7r:x=E : x=0,x=g,x=n
tan3x=0
3x=k7t:>x=E : x=0,x=£,x=—£.
3 3 3

tan3x =1
3x=£+k’1t:>x=7H—4k7t : x=£,x=5—ﬁ,x=—3—n=—E

4 12 12 12 12 4
tan3x=-1

4 12 12 12 4 12




18.

19.

20.

21.

tan2x=3<:>tanx=ix/§

For tanx:\/g
x=£+kn=n+3kn x=£,x=—ﬁ.
3 3 3 3
For tanxz—\/§
o T o CTH 3k = 2
3 3 3 3
3sinx:x/§cosx = S X =£© tanxzﬁ
cosx 3 3
x=£+k7r=n+6k7r xzz,xz—s—n.
6 6 3

2sin’ x = sin x <> 2sin” x —sin x =0 <> sin x(2sinx —1) =0
. . . 1
sinx=0 or Zsmx—1=0©smx=§

(i) in degrees
For sinx=0, x=0", x=180", x=360"

For sinx:%, x=30", x=150°
(i1) in radians
For sinx=0, x=0, x==n, x=27

. 1 T Sm
For sinx=—, x=—, x=—
2 6 6

. . 1 . 1
(a) 3 sin’x = cos’x < 3 sin’x = 1 —sin’x < 4 sin’x = 1 < sin’x = 2 & sinx = iE
For sinx:% x=30°orx=150°

For sinx= 1 there are no solution in the given interval
2

2.3 \3

(b) 3 sin’x = cos’x < 3 (1 — cosx) = cos’x < 4 cos’x =3 < cos’x = Z<:> cosx=t—

2
For cosx=73 x=30° For cosx:—? x=150°
22
(C)3sin2x=cos2x<:> szx:l@tan x—l<:>tanx +— —+£
cos’x 3 3 3

For tanx=L x=30°, For tanx=- 1 x=150°
3

N

The solutions are x = 30°, x =150°



A.

Exam style questions (SHORT)

22.

23.

24.

25.

26.

27.

28.

2¢0s x = sin 2x <> 2cos x = 2sin x cos x < 2cos x (1-sinx)=0<«<> cosx=0 OR sinx=1

T kY4 S
X=—,X=—,X=—
2 2 2

2cos? x = 2sin x cos x <> 2¢0s> x — 2sin x cos x = 0 < 2 cos x(cos x —sinx) =0

cosx=0, (cosx—sinx)=0

cosx=0< x=

o3

cosx—sinx=0< cosx=sinx < tanx =1 < x=

~la

2sin x = tan x
= 2sinxcosx—sinx=0

= sinx(2cosx—1)=0
. 1
=sinx=0,cosx= —
2
:>sinx:0,x:i§

\/gcosx= sin x = tanx=\/§:> x =607 or x =240°

e>( /3 sin x + cos x)=0

¢ = 0 not possible

\/gsinx+cosx=0,<:> ﬁsinxz—cosx@ St X :L Stanx = —L
—cosx 43 NE)

5w
x:_

6
tan’ 20 =1 < tan 20 = +1

+
For tan260 =1, 2(9=E+k7c:6’:n 4k7:, which gives (9=£, (9=—3—n
4 8 8 8
—m+

For tan20:—1,29:—%+kn:>¢9:nT4kn whichgivesez—g,az%‘

sin?_x=2\/§cos2 X <:>25inxcosx=2\/§coszx & sinxcosx =+/3 cos’ x

@cosx(sinx—\/gcosx)zo & cosx=0 or sinx=+/3cosx

. o 3n
cosx=0 gives x=—, x=—
2 2
. . T 47
sinx = 3cosx<:>tanx:\/§ gives ng, x:?



29.

30.

31.

32,

33.

34.

(@)  2cos®x + sinx=2(1 — sin® x) + sin x= 2 — 2sin” x +sin x
(b)  2cos’ x+sinx=2=2—2sin’ x + sinx =2

. .2

sinx —2sin“x=0

sin x(1 —2sinx) =0

. . 1

sinx=0orsinx= —
2

sinx=0=>x=0orm

. Sn
Sin x = =>X= or?

N | =
o3

(a) 2sin’x =1 + cosx < 2(1 - coszx) =1+ cosx < 2 —2cos’x =1+ cosx
— 2co0s’x + cosx —1=0

(b)) 2 cos’x + cosx — 1 = (2cosx — 1) (cos x +1)

(©) cosx= % — x=60°, or x = 300°
cosx=-1 = x=180°
Solutions = x = 60°, x = 180°, x =300°

€os 2x — 3 cos x — 3 — cos” x = sin x <> cos 2x — 3 cos x — 3 = cos” x + sin® x

2cos’x—1-3cosx—-3=1e2cos’x—3cosx—5=0

cos x = % (rejected) , cosx =-1

X=T
(@ 4-cos20+5sinf=4—(1-2sin’6)+5sinf=2sin> O+ 5sin6+3
(b) 2sin®0+5sin0+3=0<2sinf+3)(sinf+1)=0

. . 3.
sinf=-1,:sinf=— 5 (rejected)

3 cos x =5 sin x < tanx = 3/5 (=0.6)
x=31°+180°%

x=31°0orx=211°

Either by direct factorisation (3 sin x — 2)(sin x — 3)

OR by setting y =sin x and solving the quadratic 3y* +4y+6
. 2 . .

sin x = 3 or sinx =3 (rejected)

x=42°x=138°



3s.

36

(@)  3sin® x + 4cos x = 3(1 — cos” x) + 4cos x
=3 —3cos® + 4 cos x

(b) 3sin®x+4cosx—4=0=3—-3cos’x+4cosx—4=0
= 3cos’ x —4cosx+1=0

By GDC (solving the quadratic 3y> —4y+1=0)
1
cos x = 3 orcosx=1

(c) ByGDC,
EITHER directly by solving the original equation

OR by cosx = %,cosx=1

x=70.5°orx=0°

By using GDC: SolveN

(a)x=0,x=1.80,x=2.51 (3sf) (orexact values x=0, x=4—n,x=ﬂ)

7 5
(b) x=41.8°, x=138° (3sf)

B. Exam style questions (LONG)

37.

(@) sin’ x=sinx < sinx(sin’x-1)=0 < sinx=0 or sin’x=1

sinx=0 gives x=0, x=7, x=2=n

. . . n
sinx=1<sinx=+1 gives X=—. x=T-

. . . . . . 1
(b) 2sin’ x=sinx < sinx(2sin’ x—1)=0<>sinx=0 or sin’x=—
sinx=0 gives x=0, x=7m, x=21

. . . b4 3n St n
sin x:5<:>smx:+— gives xX=—, X=—, X=—, X=—

1
2 4 4 4 4

() 4cos’ x=cosx <> cosx(4cos’x—1)=0 <cosx=0 or 4cos’ x—1

. b 3n
cosx=0 gives x=—, x=—
2 2
1 1
4cos’ x—1 < cos’ x=— < cosx=+— gives x=£, xzﬁ,xzﬂ, x=5—7E
4 2 3 3 3 3

10



38.

39.

We use double angle formulas to simplify the expressions

(@ f(x)=0<«< cos2x+cosx+1=0

(b)

(©)

(@

(b)
©

(d)

& 2c08’ x—1+cosx+1=0¢>2cos’ x+cosx =0 <> cosx(2cosx+1)=0
1
& cosx=0 or cosxz—z

. T 1 . T
cosx =0 gives x =—, cosx=—— gives x=—
2 2 3

g(x)=0& sin2x+sinx=0

& 2sinxcosx+sinx =0 < sinx(2cosx+1)=0
. 1
&sinx=0or cosx=——
2
. . 1 . 2n
sinx=0 gives x=0, x=m=n cosx=—5 gives xz?

f(x)=g(x) < cos2x+cosx+1 =sin2x+sinx

2cos’ x—1+cosx+1 =2sinxcosx+sinx
2cos’ x—2sin xcos x +cos x —sinx =0

2 cosx(cosx —sinx)+(cosx—sinx)=0
(cosx—sinx)(2cosx+1)=0

1 .
cosx:—E or cosx—sinx=0&<tanx=1

CoSXx = —% gives x = 2—; and thus y =0 (since x = 2—; is a root of both)

2

tanx =1 gives x=2 andthus y:sinE+sin£:1+—
4 2 4 2
2 2
Points of intersection —n,O and £,1+£
3 4 2
3cos 2x +sinx= 1< 3(1 =2 sin’ x) +sinx = 1
6 sin’x —sinx—2=0
(Bsinx—-2)2sinx+1)

4 solutions

L . 2 . 1
The last equation gives sin x = 3 or sinx = 5

L . . 1
In the 3 and 4™ quadrants sin x is negative. Hence sin x = -

x=—242kn , SO x:27t—£:ﬁ
6 6

x:—s—n+2kn , SO x:27t—5—7[=7—7E
6 6 6

11



