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Student Notes for Integration 

 

Estimating The Area Under a Curve  
(You need a computer that has GeoGebra loaded or a Ti-nSpire CX CAS calculator) 

1. Open up the files from the S: drive (S:\Maths\Yr 12 Methods\7. Integration) 

a. Area by rectangles.ggb 

b. upper_lower_rectangles.ggb 

c. OR Area Approximations (RAM, Trap, Simp).tns 

2. Using the file, upper_lower_rectangles.ggb (or Ti file), type in the box for the rule, x2 

(type: x ^ 2) 

a. Make the lower bound 0 (use the scroll bar up the top left). 

b. Make the upper bound 4. 

c. Make the number of divisions, n, 4 (this will make rectangles of width 1 unit). 

d. Click on the Green checkbox (Show Upper Rectangles). Upper rectangles are made 

by using the upper (higher) y value for each division. 

e. Draw this on the graph. 

Rule Upper Rectangles Lower Rectangles 
2xy   

  
 

f. Calculate the area of each rectangle (A = L x W). 

 

1. A = 1 x 1 = 1 

2. A = 4 x 1 = 4 

3. A = 9 x 1 = 9 

4. A = 16 x 1 = 16 

 

 

 

 

g. What is the total area? 30 sq. units 

h. Is this greater or less than the actual area under the curve from 0 to 4? greater 

i. Using another colour and the applet repeat for lower rectangles. (Lower rectangles 

are made by using the lower y value for each division 

A = 0 + 1 + 4 + 9 = 14 sq. units 

j. The actual area will be between these two answers. Calculate it by using calculus. 

3

1
21

3

64
0

3

4

3

3
4

0

4

0

3
2 










x
dxx  

y = x2 

x y 

0 0 

1 1 

2 4 

3 9 

4 16 

5 25 

 



k. Now change the value of n and complete the table: 

n Width Upper 

Rectangles 

Lower 

Rectangles 

Actual 

Area 

4 1 30 14 

3

1
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8 0.5 25.5 17.5 

3

1
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20 0.2 22.96 19.76 
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40 0.1 22.14 20.54 
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100 0.04 21.65 21.01 
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l. What do you notices as the number of divisions increases? 

As n increases the approximations getting closer and closer to the actual area. 

3. Repeat the process for the following functions: 

a. 216)( xxf   

b. 30;)( 3  xxxf   (use 3 divisions initially, then 6, 15, 30, 100) 

Rule Upper Rectangles Lower Rectangles 
216 xy   

  
3xy   

  
 

 

In Summary: 

The area under a curve can be estimated by using _Upper_ and _Lower_ rectangles. As the 

_number_ of the rectangles _increases_ the approximation is _better_. 

 



4. Using the file, Areas by rectangles.ggb , type in the rule, 
225)( xxf   (type: 25-x ^ 2) 

a. Make the lower bound 0 and the upper bound 5 and divisions 5. 

b. Complete: 

n width Upper Lower Left Right Actual 

5 1 95 70 95 70 83⅓ 

10 0.5 89.38 76.88 89.38 76.88 83⅓ 

20 0.25 86.41 80.16 86.41 80.16 83⅓ 

50 0.1 84.58 82.08 84.58 82.08 83⅓ 

100 0.05 83.96 82.71 83.96 82.71 83⅓ 

 Type in the rule, 25)( xxxf   (type: 5x - x ^ 2) 

a. Make the lower bound 0 and the upper bound 5 and divisions 5. 

b. Complete: 

n width Upper Lower Left Right Actual 

5 1 26.25 14 20 20 20.83 

10 0.5 23.75 17.5 20.63 20.63 20.83 

20 0.25 22.34 19.22 20.78 20.78 20.83 

50 0.1 21.45 20.2 20.83 20.83 20.83 

100 0.05 21.14 20.52 20.83 20.83 20.83 

c. Are the Upper Rectangles always equal to the Right rectangles? No 

d. Explain the difference between Upper, Lower, Left and Right rectangles. 

 

 

 

5. Using the file, Areas by rectangles.ggb , type in the rule, xexf 5.0)(   (type: e ^ (0.5x) ) 

a. Make the lower bound 0 and the upper bound 5 and divisions 5. 

b. Complete: 

n width Upper Lower Left Right Actual 

5 1 28.42 17.42 17.42 28.42 22.36 

10 0.5 25.28 19.69 19.69 25.28 22.36 

20 0.25 23.79 21 21 23.79 22.36 

50 0.1 22.93 21.81 21.81 22.93 22.36 

100 0.05 22.65 22.09 22.09 22.65 22.36 

 

c. What is the area enclosed by 
xey 5.0 , the x -axis and the lines 0x  and 5x

?(width 1 unit) 

i. Counting Squares; ( _20.5_ sq. unit) 

ii. Left – endpoint  rectangles; ( _17.42_ sq. unit) 

iii. Right – endpoint rectangles;( _28.42_ sq. unit) 

iv. Calculus (_ 22.36_ sq. unit). 

 

These can be drawn on the next page of your notes booklet. 

 

 Ex11A 1, 2, 3, 6, 8 
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Antidiffentiation 
 

Terminology 
 

The indefinite integral: (or the anti-derivative) is of the form: F(x) + c where F(x) =  dxxf )( . 

An anti-derivative is when the value of “c” is known. 

 

Example: the anti-derivative of 253 2  xx is cx
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Examples: Find the anti-derivative of: 
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  Ex11B 1, 2, 3, 5;  Ex11C 1  



Finding the original function from the gradient function 
 

Example: At all points on a certain curve 64  x
dx

dy
. The curve passes through the point (2, 4). 

Find the equation of the curve. 

 

Soultion:  
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 Ex11B 4, 6, 7, 8 



Evaluating the Definite Integral 
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Example: Evaluate  
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a. 30103)(3)(3
4

1

4

1
  dxxfdxxf  

b.     7101410)(1)(1
4

1

4

1

4

1

4

1
  xdxxfdxdxxf  

c. 
2

1
12

2

1
85

2

1

2

16
5

2
10

2

1
)(

2

1
)(

2

1
4

1

2
4

1

4

1

4

1




































 

x
dxxdxxfdxxxf  

 

 

 

 

(2) If  
b

a
kdxxg )(  then find: 

a. 
a

b
dxxg )(  b.  










b

a
dxxg

k
1)(

1
  c.  dxxg

a

b  )(2  



 

Solutions: 

 

a. kdxxgdxxg
b

a

a

b
  )()(  

b.   ababxk
k

dxdxxg
k

dxxg
k

b

a

b

a

b

a

b

a









   1)(1

1
1)(

1
1)(

1
 

c.       kbakxdxxgdxdxxg
a

b

a

b

a

b

a

b
   222)(2)(2  

 

(3) If   1,32
1

 kdxxk
k

 find k . 

Solution: 

 

1

5
5

13

0)5)(133(

06523

64123

32
2

1

2

3

32
2

1

2

32
2

32

2

2

2

2
2

1

2

1















































kasreject

kork

kk

kk

kk

k
k

k
k

k

x
kx

dxxk

k

k

  

 

 Ex11E 1, 2; Ex11E 4 



Integration of ekx  
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Example: Find the general anti-derivative of each of the following: 

(a) xe4                   (b)  xe x 65                     (c)  xx ee   
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 Ex11D 1, 2, 3, 4, 5; Ex11E 3 
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 Ex11C 2, 3, 4, 5, 6, 7, 8; Ex11E 5 

Remember: 
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Integration of Circular Functions 
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Examples: find the anti-derivatives of: 
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 Example: Find the exact value of each of the following: 
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 Ex11G 1, 2, 5 



Area bounded by a curve 

 

 
 

Examples: 

(1) Find the area between the curve 1)( 2  xxf , the x-axis and the ordinates 2x  and 3x . 

Solution: 

1. First sketch the graph and shade the area required. 

2. Write the integral: 

   
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(2) Find the area between the curve 1072  xxy , the x-axis and the ordinates 3x  and 4x . 
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

























 

 

 

 

 

(3) Find the area bounded by the graph of xxxy 223   and the x-axis. 

Solution: 

   

   

unitssqArea

Area

Area

x
xx

x
xx

Area

dxxxxdxxxxArea

.
12

1
3

12

37

3

8

12

5

3

8
0

12

5
0

4
3

8

4

16
01

3

1

4

1
0

3434

22

0

2

2
34

0

1

2
34

0

2

23
0

1

23
































































































 

 

 

 Ex11F 2 acf, 3, 4, 5, 6, 9 10; 

 Ex11G 3 4ace, 6 



The area between two curves 

x

y

   dxfunctionbottomfunctionTopArea  

x

y

a

b

c

f(x)

g(x)

     
b

a

c

b
dxxfxgdxxgxfArea )()()()(  

 

Example 1 

Find the area enclosed by the line with equation 6 xy and the parabola with equation 

22  xxy . 

 

Solution: 

1. Sketch.  

2. Find points of intersections. 

2

04

26

2

2







x

x

xxx

 

(no need to find Y coordinate) 

      3. Find area. 

 

  

 

unitssqArea

Area

x
x

Area

dxxArea

dxxxxArea

dxfunctionbottomfunctiontopArea

.
3

2
10

3

32

3

16

3

16

8
3

8
8

3

8

4
3

4

26

2

2

3

2

2

2

2

2

2

2

2





























































 

 



Example 2 

Find the area enclosed by the graphs with equations 523 23  xxyandxy  

 

Solution: 

2,1

0)2)(1)(1(

022

352

23

23









x

xxx

xxx

xxx

 

 

         

   

unitssqArea

Area

x
xxx

x
xxx

Area

dxxxxdxxxxArea

dxxxxdxxxxArea

.
12

1
3

12

37

12

5

12

32

12

13

3

2

12

19

12

13

2
2

1

3

2

4

1
4

2

4

3

16

4

16
2

2

1

3

2

4

1
2

2

1

3

2

4

1

2
23

2

4
2

23

2

4

2222

523352

2

1

234
1

1

234

1

1

2

1

2323

1

1

2

1

2323


































 







 

















































































































 

 

 

 

 

Example 3: Find the area of the shaded region of the graph: 

Solution: Points of intersection: 

 

,...
4

5
,

4

1tan

cossin








x

x

xx

 

 

 

 

unitssqArea

Area

Area

xxArea

dxxxArea

.22
2

4

2

1

2

1

2

1

2

1

4
sin

4
cos

4

5
sin

4

5
cos

sincos

cossin

4

5

4

4

5

4











































































 











 

 

 Ex11I 1, 2, 3, 4, 5, 6, 7, 8 



Average Value of a function 

 

The average value of a function f with rule y = f(x) for an interval [a, b] is defined as: 

 

   Average value of a function = 

b

a

dxxf
ab

)(
1

 

 

In terms of the graph of y = f(x), the average is the 

height of a rectangle having the same area as the area 

under the graph for the interval [a, b]. 

 

 

 

 

 

 

 

 

 

 

Example: Find the average value of 2)( xxf  for the interval [0, 2]. Illustrate with a horizontal line 

determined by this value. 

 

Solution:  

3

4

3

8

2

1

32

1

02

1

2

0

3

2

0

2
















 

x

dxxAverage

  

 

 

 

 

 

 

 

 

 

Ex11J 1, 2, 3, 4, 5, 6 



Motion & Rates  
 

Motion 

If we are given a rule for acceleration, by antidifferentiation we can obtain the rules for velocity and 

displacement. 

 

Example 1: A body starts from O and moves in a straight line. After t seconds (t ≥ 0) its velocity, v 

m/s, is given by .42  tv  Find: 

a  its position x in terms of t; 

b its position after 3 seconds; 

c its average velocity in the first 3 seconds; 

d the distance travelled in the first 3 seconds; 

e its average speed in the first 3 seconds. 

 

Solution: 

 

a  

ttx

cxt

cttdttdtvx

4

00,0

442

2

2





  
 b mx

tttx

3)3(4)3(

3,4

2

2





 c 

smvelAvg

xt

xt

/1
03

03
.

3,3

0,0











 

 

d goes down 4 then up 1 = total of 5m.   e sm /
3

5
 

 

Example 2: A particle starts from rest 3 metres from a fixed point and moves in a straight line with 

an acceleration of 86  ta . Find its position and velocity at time t seconds. 

 

Solution:  

34

33,0

483

00,0:

8386

23

2

2

232

1

1

2











 

 

ttx

cxt

cttdtttdtvx

cvtrestat

cttdttdtav

 

 

 

 

 

 



Rates of Change 

 

Example: The rate of change of temperature with respect to time of a liquid which has been boiled 

and then allowed to cool is given by )30(5.0  T
dt

dT
, where T is the temperature (oC) at time t 

(minutes). 

a Sketch the graph of    
dt

dT
  against T for T > 30. 

b Sketch the graph of   
dT

dt
  against T for T > 30. 

c i Find the area of the region enclosed by the graph of b, the x-axis and the lines T = 35 and T 

= 120. Give your answer correct to 2 decimal places. 

 ii What does this area represent? 

 

Solution 

 

 

 

 Ex11J 7, 8, 12, 13, 15, 18, 19 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  78.5)18ln(2))5ln(2)90ln(2()30ln(2
30

2 120

35

120

35

120

35





   TdT

T
dT

dT

dt
Area  

 

The area represents the time it takes to cool from 120 oC to 35 oC. 

 

 

 

 

 

 

 

 

 

 

 

 Ex11J 7, 8, 12, 13, 15, 18, 19



Find (...)
dx

d
 hence … (or Integration by Recognition) 

 If   xx
dx

d
22    then cxdxx 

22  

 

Example 1: Find the derivative of 32 )1( x  hence find: 

 a. dxxx  22 )1(6 ; b.   dxxx 22 )1( . 

 

Solution: 

   222232 )1(6)2()1(31  xxxxx
dx

d
 

 

a. If    2232 )1(61  xxx
dx

d
 then   cxdxxx 

3222 1)1(6  

b. cxdxxxdxxx  
322222 )1(

6

1
)1(6

6

1
)1(  

 

Example 2: Find the derivative of )18(log 2  xy e
 hence find  

dx
x

x

18 2
. 

Solution: 

cxdx
x

x
dx

x

x

x

x

dx

dy

xy

e

e














 )18(log
16

1

18

16

16

1

18

18

16

)18(log

2

22

2

2

 

 

Example 3: find the derivative of 1log  xxy e , hence find 
e

e dxx
1

log2 . 

 

Solution: 

 

 

 

 

   

   

    

222222log2

2212)1(2log2

22)11(log2)1log(2log2

2)1log(2log2

2)1log(2log2

)1log(22log2

)1log(22)log2(

)1log(2)2log2(

1log)1(log2
2

1

1log1log

1log0
1

log1

1log

1

1

1

111

111

111













































eedxx

eedxx

eeedxx

xxxdxx

dxxxdxx

xxdxdxx

xxdxdxx

xxdxx

xxdxx

xxdxx

x
x

xx
dx

dy

xxy

e

e

e

e

ee

e

e

ee

e

e

e

ee

e

e

e

e

e

ee

e

e
e

e
e

ee

ee

ee

e



Example 4: Find  xx
dx

d
3sin  and hence evaluate  6

0
3cos



dxxx . 

Solution: 

    cxxdxxxxxxxxx
dx

d
  3sin3cos33sin3cos33sin3sin  

 

 

 

 















 









































































































































6

0

6

0

6

0

6

0

6

0

6

0

6

0

6

0

6

0

6

0

6

0

6

0

6

0

18

2

9

1

183

1

63

1
3cos

3

1

63

1

6
3cos3

3

1
00

6
3cos3

)0cos(
3

1

2
cos

3

1
0

2
sin

6
3cos3

3cos
3

1
3sin3cos3

3sin3sin3cos3

3sin3cos33sin

3sin3cos33sin




























xx

xx

xx

xx

xxxxx

xxxxx

xxxxx

xxdxxxdxx

 

 

 Ex11H 3, 4, 5, 8 

 Worksheet “#1” 

 Worksheet “#2” 

 



Worksheet #1 

1. Find the derivative of )2( 2 xe and hence find dxex x )2( 2

2 

 . 

2. Find the derivative of )5(log 3 xe
and hence find a) dx

x

x
 5

3
3

2

;  b) dx
x

x
 5

6
3

2

. 

3. Find the derivative of )cos( 2x and hence find a) dxxx  )sin(2 2 ;  b) dxxx )sin( 2 . 

4. Find the derivative of x3sin and hence find a) dxxx cossin3 2 ;  b) dxxx cossin 2 . 

 

Answers 

1. ce x  )2( 2

 2. cxbcxa
x

x
ee 


)5(log2);)5(log)

5

3 33

3

2

 

3. c
x

bcxaxx 



2

)cos(
);)cos());sin(2

2
22  

4. c
x

bcxaxx 
3

sin
);sin);cossin3

3
32  

 

Worksheet #2 

1. a) Find the derivative of )12(log 2 xe
. 

      b) Hence find dx
x

x
 12

4
2

. 

2.   a) Find the derivative of )32(log xe  . 

      b) Hence find (i) dx
x 



32

3
;    (ii) dx

x 32

2
. 

3.   a) Show that 
1

4
1

1

3








xx

x
. 

     b) Hence find dx
x

x
 



1

3
. 

4.  Find the derivative of 53 )1( x and hence find   dxxx 432 )1(15 . 

5.  Find the derivative of  42 )2( x . Hence find (i)   dxxx 32 )2(2 ; (ii)   dxxx 32 )2(5  

 

Answers 

1. a) 
12

4
2 x

x
; b) cxe  )12(log 2   

2. a) 
x32

3




 b) (i) cxe  )32(log  (ii) cxe 


)32(log

3

2
 

3. b) cxx e  )1(log4        

4. cxxx  53432 )1(;)1(15   

5. c
x

iic
x

ixx 






8

)2(5
)(;

4

)2(
)(;)2(8

4242
32
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