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Student Notes for Integration

Estimating The Area Under a Curve
(You need a computer that has GeoGebra loaded or a Ti-nSpire CX CAS calculator)
1. Open up the files from the S: drive (S:\Maths\Yr 12 Methods\7. Integration)

a. Area by rectangles.ggb

b. upper_lower_rectangles.ggb

c. OR Area Approximations (RAM, Trap, Simp).tns

2. Using the file, upper_lower_rectangles.ggb (or Ti file), type in the box for the rule, x
(type: x * 2)

a. Make the lower bound 0 (use the scroll bar up the top left).

b. Make the upper bound 4.

c. Make the number of divisions, n, 4 (this will make rectangles of width 1 unit).

d. Click on the Green checkbox (Show Upper Rectangles). Upper rectangles are made
by using the upper (higher) y value for each division.

e. Draw this on the graph.

Rule Upper Rectangles Lower Rectangles
y=X ) o ; «

A=1x1=1
A=4x1=4
A=9x1=9
A=16x1=16
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What is the total area? 30 sq. units

Is this greater or less than the actual area under the curve from 0 to 4? greater

i. Using another colour and the applet repeat for lower rectangles. (Lower rectangles
are made by using the lower y value for each division

A=0+1+4+9=14sqg. units
J.  The actual area will be between these two answers. Calculate it by using calculus.




k. Now change the value of n and complete the table:

n Width Upper Lower Actual
Rectangles Rectangles Area
4 1
30 14 1 1
3
8 0.5 25.5 17.5 21&
3
20 0.2 22.96 19.76 211
3
40 0.1 22.14 20.54 211
3
100 | 0.04 21.65 21.01 211
3

I.  What do you notices as the number of divisions increases?

As n increases the approximations getting closer and closer to the actual area.

3. Repeat the process for the following functions:

a. f(x)=16-x°
b. f(x)=x>;0<x<3 (use 3 divisions initially, then 6, 15, 30, 100)
Rule Upper Rectangles Lower Rectangles
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In Summary:

The area under a curve can be estimated by using _Upper_and _Lower_ rectangles. As the

_number_ of the rectangles _increases_ the approximation is _better_.




4. Using the file, Areas by rectangles.ggb , type in the rule, f(x)=25-x* (type: 25-x " 2)

a. Make the lower bound 0 and the upper bound 5 and divisions 5.

b. Complete:
n width Upper Lower Left Right Actual
5 1 95 70 95 70 834
10 0.5 89.38 76.88 89.38 76.88 834
20 0.25 86.41 80.16 86.41 80.16 834
50 0.1 84.58 82.08 84.58 82.08 834
100 0.05 83.96 82.71 83.96 82.71 834

> Typeinthe rule, f(x)=5x—x* (type:5x-x"2)

a. Make the lower bound 0 and the upper bound 5 and divisions 5.

b. Complete:
n width Upper Lower Left Right Actual
5 1 26.25 14 20 20 20.83
10 0.5 23.75 17.5 20.63 20.63 20.83
20 0.25 22.34 19.22 20.78 20.78 20.83
50 0.1 21.45 20.2 20.83 20.83 20.83
100 0.05 21.14 20.52 20.83 20.83 20.83

c. Are the Upper Rectangles always equal to the Right rectangles? No

d. Explain the difference between Upper, Lower, Left and Right rectangles.

5. Using the file, Areas by rectangles.ggb , type in the rule, f(x)=e">* (type: e * (0.5x))
a. Make the lower bound 0 and the upper bound 5 and divisions 5.

b. Complete:
n width Upper Lower Left Right Actual
5 1 28.42 17.42 17.42 28.42 22.36
10 0.5 25.28 19.69 19.69 25.28 22.36
20| 0.25 23.79 21 21 23.79 22.36
50 0.1 22.93 21.81 21.81 22.93 22.36
100 | 0.05 22.65 22.09 22.09 22.65 22.36

c. What is the area enclosed by y=e

?(width 1 unit)
i.  Counting Squares; (_20.5_ sq. unit)
Left — endpoint rectangles; ( _17.42_ sg. unit)
Right — endpoint rectangles;( _28.42_ sg. unit)

i.

ii.
iii.
Iv.

Calculus (_ 22.36_sg. unit).

0.5x

These can be drawn on the next page of your notes booklet.

Ex11A1,2,3,6,8

, the x-axis and the lines x=0 and x=5
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Antidiffentiation

Terminology

The indefinite integral: (or the anti-derivative) is of the form: F(x) + ¢ where F(x) = J. f(x)dx.

An anti-derivative is when the value of “’C” is known.

2
Example: the anti-derivative of 3x? —5x+2is x° — 5% +2x+ ¢, however

2 2
An anti-derivative is x3 — 5% +2x+11.2 or x3 - 5% +2x—12etc..

n+l

+C

Existing Rule: jax”dx:ax
n+1

(ax+b)™
a(n+1)

New Rule: [(ax-+b)"dx)=

Examples: Find the anti-derivative of:
@) %X=x2@x+4) b  FM=x+5° (@ |
X

(@) [JBx+3)dx

Solutions:

%:x2(3x+4) J'%dx
f'(x) = (2x+5)° (2x - 5)

f(x) = [ (2x+5)°dx = [ (2x-5)dx
_(@&x=57
 2x-2

ﬂ:3x3
d

X
@ |y=[Fox O |- @9, ©
2x4 "
y:_"(Sx3 +4x° Jdx . (2x+5)° _ (ZX:j) te
3x* 4x? 8

==+ +c -1
Y 4 3 =

+4x?

'f\/mdx
= [(Bx+ 3)%dx
(5x +3)§

(d) = 3 +C Ex11B 1, 2, 3,5; Ex11C 1
Bx—
2

(5x + 3)%
15

2

3
:26x+$z+c
15




Finding the original function from the gradient function

dy

Example: At all points on a certain curve o 4x — 6. The curve passes through the point (2, 4).

X
Find the equation of the curve.

Soultion:
dy
=|—dx
y jdx
y:j4x—6dx
2

y=%—6x+c=2x2—6x+c
(2.4) .. 4=2(2)*-6(2)+c
4=8-12+c
8=c
= y=2x*-6Xx+8

¥y 1: Actions

132 Number |1: Denvative

5= 3 Algebra |2 Derivative at a Point.

[ 4 Calculus

W@ 5: Probabiiity(4: Limit

T 6 Statistics |5 Sum

[54] 7: Matrix & \{6: Product

$¢ 8 Finance |7 Function Minimum

|Ell: Functions 2. Function Maximum
9: Tangent Line

A Normal Line

-

d)(r} g x-6 Done
Ax) AId_r{\l dx Done

A 2'x%=6'%
solvel{f{2)sc=dc) c=8

e Ex11B4,6,7,8



Evaluating the Definite Integral

[0 (0 dx
=[F(x)]. where F(x)is the anti - derivative of f(x)
=F(b)—F(a) Thisis known as the FUNDAMENTAL THEOREM OF CALCULUS

Example: Evaluate .[21 (—2x—4) dx

Flo-ga=foe-of, | EEE—

2 15
j' (-2 x-4)dx
-1

Solution: |= (- (22 ~4(2))- (- (-1)? - 4(-1))
= (-4-8)—(-1+4)

=-12-3

=-15

Properties of the definite integral

a b b c
1 f f(x)ydx =0 2 f flx)dx =f fx)dx -I—f fxydx,a =c<=b

b b b b b
3 f kfix)dx =k f fix)dx 4 f flx)yLglx)dx = f flx)ydx £+ f g(x)dx

b a
5 f flxydx = — f f(x)dx (Note that this is a definition.)
a b

Examples:
(1) Given that [ f (x)dx =10, find:
4 4 a1
a. LBf(x)dx b. J'l(l—f(x)dx) C. L(Ef(x)er)dx
Solutions:
4 4
a. jlsf(x)dx:sjl f (x)dx =3x10 =30

b, f(l— f (x)dx):fldx—f f(x)dx=[x]\ ~10=4-1-10=—7

2 4
C. .[4 1f(x)+x x:lj‘4f(x)dx+_|‘4xdx:1x10+ X\ =5y 1|1 :5+8—l:121
12 2% 1 2 2 2 2 2 2

(2) 1f [’g(x) dx=k then find:

a. _[bag(x) dx b J':(%g(x)—ljdx C. La(Z—g(x)hx




Solutions:

a. jag(x) dx = —J:g(x) dx=-k

b

b. E)(%g(x)—lex:%ﬁg(x) dx—ﬁldx:%xk—[x]g —1-(b-a)=1-b+a

c. La(Z—g(x)hx=La2 dx—fg(x) dx=[2x[ —(~k)=2a—2b+k

(3) If ['(k+x)dx=32, k>1find k.
Solution:

k
J-l (k + x)dx = 32

x2 "
|:kx+?:| :32

1 solve

(& ‘ 13
J-(k-r.\')d.\‘-llk) k=== or k=5

2 1
[kz +k7J—(k +%)=32 |

3k?-2k+1=64
3k?-2k-65=0
(3k +13)(k —5) =0

k:_—13 or k=5
5

reject ask>1

e EX11E1, 2; EX11E 4




Integration of e

kx
jekxdx=1ekx+c or e_’ k=0
k k

Example: Find the general anti-derivative of each of the following:

(a) e™ (b) e> +6x (c) e +¢e*
Solutions:
Solutions:
. 1 . 4x
a)|le”™ dx==e™+c or +C
@] ;
6x° e

(b) Iesx+6xdx=%e5x+7+c:?+3x2+c

(©) I(e‘X +ex)dx: —e " +e"+c

e EXx11D 1,2, 3,4,5; EXI1E 3



Integration of !
(ax

or (ax+b)™

I ! dx=§|oge|ax+b|+c

(ax+b)

Examples:

(a) Find the anti-derivative of

dy

(b) Given o 3 and y =10 when x =1, find an expression for y in terms of x.
X X

Solution:
I 2 dx
3Xx-2

1
:2I3X_2dx

(a) 1
:ngloge|3x—2|+c

~ 2log,[3x—2| te
B 3

Examples:

@ | X2X_7dx

Solution:

X

2 2
IX —7dxzj(X—%)dXz%—?longhc

1
1+ 2x

(b) Given | ‘

Solution:

log,[1+2x 1"
{M} :|Ogeg

1

%(Ioge|1+ 2k| - log, |3)=log, 3

log. |1+ 2k| —log|3 =2log, 3
log. |1+ 2k| =log, 9+ log, 3
log. |1+ 2k| =log, 27

142k =27

2k =26

k=13

e Ex11C2,3,4,5,6,7,8; EX11IES

(b)

dx=log, 3, find k, if k>1.

3 1
y:I;dx:3j;dx:3loge|x|+c

(110)=10=3log [ +c
10=0+c
10=c

-y =3log,|x+10

Remember:

X Ix+1)-1_
x+1 x+1

or -1]1 O
e
1 -1

-1

X+1




Integration of Circular Functions

J.sin(nx+b) dx= —lcos(nx+b) +C
n

[cos(x+b) dx= %sin(nx+b) +c

Examples: find the anti-derivatives of:

. T
(@) sin [3x + Zj

Solutions:
e Solutions:

Isin(Sx +zjdx
4

o (a) =—%co{3x+%)+c

- cos(?,x + 7[)
__ 4

3

+C

(a) J?sin 2x dx

Solutions:

T
(b) 3co{2x —Ej

(b)

(b)

Lzsin 2x dx

— z
B —costT

(b)

e EXx11G1,2,5

j 3co{2x—£jdx
6

3. ( ﬁj
=—SIn| 2X—= |+C
2 6

Example: Find the exact value of each of the following:

/4

.[02 (2cosx +1)dx

T

.[02 (2cosx + 1)dx

T

=[2sin x + x]2

_ (Zsin[gj + %j — (2sin(0) + 0)




Area bounded by a curve

Finding the area of a region

T >
c b
Note: In determining the areas “under’ curves, the sign of f(x) in the given interval is the
critical factor.‘
Examples:
(1) Find the area between the curve f(x)=x*+1, the x-axis and the ordinates x=-2 and x =3.
Solution:
1. First sketch the graph and shade the area required. v
2. Write the integral: X 10} A
Area = Is (x2 +1)dx | ‘
_2 |
3. Solve: 5]
SN i G S S
3 2 4 | 1 2 3 4

It f(x)= 0forallx € [a, b]. the area 4 of
the region contained between the curve,

the x-axis and theb linesx =agandx =his

f f(x)ydx = G(b)— Gla)

a
where G is an antiderivative of f.

givenby 4 =

It f(x)<0forallx € [a,b]. the area

A of the region contained between the curve,

the v-axis and the linesx =g and x = b is

B
givenby 4 = — f fix)dx
ia

Ifc e(a.b), ficy=0and f(x)= 0for
x €{c,bland fix) < 0forx € [a,c), then
the area 4 of the shaded region is given

by = | " x4 - [ o

y=1ix)

Area under curve,

b
A =f Fixydx

v

. b o
L :I=f j'[.r}ﬂ’x+—f i ydx




Area :16§ squareunits

(2) Find the area between the curve y = x*> —7x+10, the x-axis and the ordinates x=3 and x=4.
Y

»

Area = —J':(x2 ~7x+10Hx = E(x2 ~7x+10}ix

x* 7 ? 10%
Area =| — ———+10x
3 2 4 i
5.
prea=( 283 30| (84 112 4
3 2 3 2

(3) Find the area bounded by the graph of y = x®—x*—2x and the x-axis.
Solution:

4
(w3 2 0(3 2 ! 4

Area_L(x —-X —2x)dx+J'2 (x —-X —2x)dx R

(4 3 0 4 3 0 I
Area = X——X——Xz + X——X——XZ 21

|4 3 L, L4 3 2 i =
area=| (0)-(2-21)|+| (0)-[2£ -84 T T T T

i 4 3 4 3 ; 21 | S
Area =|0— > +0- 8 5

i 12 3 o
Area—£+§:£—3isq units ' '

12 3 12 12

e Ex11F 2acf, 3, 4,5, 6,9 10;
e EXx11G 3 4ace, 6

Areazzésq.units c ! S



The area between two curves
y

A

v

Area = j (Top function —bottom function )dx

N

v I Area = j:(f ()= 9()dx+ [ (900~ f (¥))dx

Example 1
Find the area enclosed by the line with equation y = x+ 6 and the parabola with equation

y=X+X+2.
y

X 107 f
Solution: : f :
1. Sketch. 8 —la
2. Find points of intersections. \ B+
X+6=Xx"+X+2 X .
x2_4-0 | BN 2
X=%2 - _ g 5 4 3 2 A r'—2—3
(no need to find Y coordinate) 24
3. Find area. 41

2
Area = L(top function —bottom function Jdx
Area =fz(x+6—(x2 + X+ 2))dx

Area = fz (= X2 + 4)dx

— X3 2
Area = { + 4x}
3 -2

[

Area = 16_-16 = 32 :10g sg. units
3 3 3 3




Example 2

Find the area enclosed by the graphs with equations y=x+3 and y=

Solution:
X3 —2x*+5=x+3

X3 —2x%2—x+2=0
(x+)(x-1)(x-2)=0
X=41 2

Area = j_ll(x3 —2x? —x+2)dx+f(— X3 +2x% + x—2)jx

4 3 2 1 4 3 2 2
Area = X——ZL—X—JFZX + —X—+2i+x——2x
2 ) 4 3 2

1

Area = .[_11((X3 —2x? +5)—(x+3))dx+f((x+3)—(x3 —2x? +5)ix

rea=|(f-2-2ip]- (.22 1 5y 10,16, 4 ,
4 3 2 4 3 2 4 3 2

(B EHEHZEHE) 3 st

J(i+

x3—2x*+5

Example 3: Find the area of the shaded region of the graph:
Solution: Points of intersection:

Sin X =C0oSXx
tanx=1

_Z 5%

PRI | /1

57
Area = Iﬂ“ (sin x —cosx)dx
n
57

Area =[-cosx— smx]
Area = {
. I

Area = — = 2+/2 sqg. units
\/5 q

e Ex1111,2,3,4,56,7,8

y = 08X



Average Value of a function

The average value of a function f with rule y = f(x) for an interval [a, b] is defined as:

b
Average value of a function = ﬁf f(x) dx

In terms of the graph of y = f(x), the average is the y
height of a rectangle having the same area as the area A
under the graph for the interval [a, b].

Example: Find the average value of f (x) = x*for the interval [0, 2]. Illustrate with a horizontal line
determined by this value.

Solution:

2
Average = ijz dx
2-01

Ex11J1,2,3,4,5,6




Motion & Rates

Motion
If we are given a rule for acceleration, by antidifferentiation we can obtain the rules for velocity and
displacement.

Example 1: A body starts from O and moves in a straight line. After t seconds (t > 0) its velocity, v
m/s, is given by v=2t—4. Find:

a its position x in terms of t;
b its position after 3 seconds;
c its average velocity in the first 3 seconds;
d the distance travelled in the first 3 seconds;
e its average speed in the first 3 seconds.
Solution:
x=[vdt=[2t-4dt=t"—4t+c| |x=t"—4t,t=3 1=0x=0
alt=0,x=0=c=0 b|x=(3)*-4(3)=-3m|c|t=3,x=-3
C oy 2 _3_
L X=U -4t Avg.veI:—O:—lm/s
3-0
8 - ”
Vv Inmtercept ,,/’
sl x Imeroept ' /
(0.0) itt 0| 'I”,.’
I :\__‘_ P2 YL e
. \_\\\ ’.’/,'/‘__ (3.-3)
\d ——__ IA:CJI Muramum 5
d - 2 T goes down 4 then up 1 = total of 5m. e 3 m/s

Example 2: A particle starts from rest 3 metres from a fixed point and moves in a straight line with
an acceleration of a=6t+8. Find its position and velocity at time t seconds.

Solution:
v=[adt=[6t+8dt=3t"+8t+c,

atrest:t=0v=0=¢ =0

x=[vdt=[3t*+8tdt=t>+4t* +c,
t=0,x=3=¢c, =3

ax=t2+4t*+3




Rates of Change

Example: The rate of change of temperature with respect to time of a liquid which has been boiled
and then allowed to cool is given by (;—-[ =-0.5(T —30), where T is the temperature (°C) at time t
(minutes).

a Sketch the graph of ?j—-[ against T for T > 30.

b Sketch the graph of (;j—_lt_ against T for T > 30.

c i Find the area of the region enclosed by the graph of b, the x-axis and the lines T=35and T
= 120. Give your answer correct to 2 decimal places.
ii What does this area represent?

Solution
dt’dT
dTiat ’ A
| o1
10
r : = T
ol 20 120 140
-10 |
-20
i J p= ———x>30 dyx = -578076
-30 - 35 x -~ 30
' 03 Area = 5.7808
40 -
04
50 *
120 dt 120 2 ”0
Area = — j T =- j 55 9T = [~ 2In(T =30)]2° = —(~2In(90) + 2In(5)) = 2In(18) ~ 5.78
35 350

The area represents the time it takes to cool from 120 °C to 35 °C.

o EX11J7,8,12,13,15,18,19



Find di(...) hence ... (or Integration by Recognition)
X

o If %(x2)=2x then '[Zxdx:x2+c

Example 1: Find the derivative of (x* +1)° hence find:
a. J'Gx(xz +1)%dx; b. Ix(xz +1)%dx.

Solution:
%((x2 +1)3)=3(x2 +1)2(2%) = 6x(x? +1)°

a. |If %((x2 +1)3)= 6x(x? +1)? then j6x(x2 +1)%dx = (x2 +1)3 +C

1 1
b. | x(x?+1)2%dx==[6x(x*+D%dx==(x*+1)°+c
[XOC +2dx=< [6x(* +1)dx = (x" +1)

Example 2: Find the derivative of y =log, (8x? —1) hence find IS ;0%
X —
Solution:
y =log, (8x* -1)
dy 16X
dx 8x°-1
.-.j%dx:i 10X - Liog,@x2 -1+ c
8x° -1 167 8x° —1 16

Example 3: find the derivative of y =xlog, x—1, hence find J‘le2|oge X dx.

y =xlog, x-1

ﬂ=(1)logex+x><1—O:Iogex+1
dx X

Solution:

I(Ioge x+1)dx =xlog, x -1

:>%J‘2(Ioge x+1)dx = xlog, x -1
I(2I0g9x+2)dx= 2(xlog, x-1)

[ Iogex)dx+J'2 dx =2(xlog, x—1)

fZIoge X dx+fz dx =[2(xlog, x-1)[;

fZIoge x dx = [2(xlog, x-1)]; —f2 dx

fZIoge x dx = [2(xlog, x-1) ]} —[2x];

fZIoge x dx =[2(elog, e 1) - 2(log, 1-1)] - [2e - 2]

[ 210g, x dx =[2(e -1) - 2(~1)] - [2e - 2]

[ 2log, xdx=26-2+2-2¢+2=2




Example 4: Find di(xsin 3x) and hence evaluate LgxcosSx dx.
X
Solution:

di(xsin 3x)=sin3x+3xCc0s3x = I(sin 3x+3xc0s3x Jdx =xsin 3x + ¢
X

Isin 3x dx+3[xc053x dx = xsin 3x

Va

a 7z 6
[#sin3x+ 3 xcos3x =[xsin 3x]
0 0 0

3_[05 XxC0s3x = [xsin 3x];5 - Esin 3x
:

3J‘5x0053x:[xsin3x] | ~Lcosax
0 0 3

z
6

0

3]076[ XCOS3X = %sin (%D - 0} - [— %co{%) - (— % cos(O)ﬂ
()

3'|'Excossx: Z)_E}ZE_E
0 3

\6/) 3] 6
= 1(z 1 r 1 n-2
6xcos3x=—-| =2 |=2_ ===
36 3) 18 9 18

e EXx11H 3,4,5,8
e Worksheet “#1”
e Worksheet “#2”



Worksheet #1
1. Find the derivative of e *? and hence find Ier(X2+2)dx.

2 2
2. Find the derivative of log, (x* —5) and hence find a) j%dx; b) I EX dx
X® — X® —

3. Find the derivative of cos(x?)and hence find a) j —2xsin(x?)dx; b) j xsin(x?)dx .

4. Find the derivative of sin® xand hence find a) J'Ssinz xcosx dx; b) _[sinz Xcosx dx.

Answers
2

1. e 4 ¢ 2, 3X c a) log, (x* —5) +¢; b)2log, (x* —5) +¢

3. —2xsin(x%); @) cos(x*) +c; b)LS(XZ)+c

H}
. . sin®x
4. 3sin® xcosx; a)sin’*x+c; b)

Worksheet #2
1. a) Find the derivative of log, (2x*+1) .

b) Hence find Iz ix dx.
X2 +

2. a) Find the derivative of log, (2 —3Xx).

] ] -3
b) Hence find (i dx;

) ()jz_sx
3. a) Show that X+3:1+ 4 .
Xx-1 x-1

b) Hence find J'X—JFS dx.
x-=1
4. Find the derivative of (x* +1)°and hence find I15x2(x3 +1)*dx.
5. Find the derivative of (x* +2)*. Hence find (i) [ 2x(x* +2)°dx; (ii) [5x(x* +2)*dx

ANswers

1. a) ;) log, (2x* +1) +c
+

2. ) o b) (i) log,(|2-3x|)+c (ii) %Zloge(|2—3x|)+c

3.b) x+4log,(x-1)+c
4. 15x*(x* +D*; (*+1D°+c

5. 8x(x2 +2)% (i) (XZZZ) c; (ii )5(X v



Exam Questions - Integration
2008 Exam 1

Question 5
The area of the region bownded by the yaxis, the v, the oorve v = o and the bme x = ¢, whers s 2

positive real constant, s —f Fmd

3 marks

2008 Exam 2

Question 1

b=

I x x
6 3 2

T
The area under the curve 3 = sin {(x)} between x =0 and x = 7 15
This approximation to the area is

Al

| =

—

3 +l]x
12

D. 035

[\E +1}x

6

Cmestion 19
The graph of 2 function [ & shown below.

¥

The graph of an antiderivative of § could be

A ¥ B ¥

Question 3
The average valoe of the function with rube f{x) = log (3% + 1) over the mterval [0, 2] ws

log,(7)

2

B, log(7)

. Tlog (D),

C. 3 2

Tlog,{7) -6
6

£ 3Slog,(7)-12

18

A

Question 4
3 )

¥ j[(l‘)‘h:S then j(Z/(l)-S)d\ 15 equal to
1 1

Quettion 2 5
The diagam below shows part of the gragh of e fmctica /' " — R /i =

x

4

o S | a

The ks segment C4 o5 dovwn fiow @e posst (U3, f{1)) %0 the poust dfe. f{a)) where a = 1
a b Calculste the gradient of C4 mn tevus of o

U At whar vake of x berween 1 and o does the tangest 10 the gaph of S have e same padient
4




‘ Question 1§
'S canl-jﬂ.u; R 3 '
1 ‘lhuvungenhndlkﬁ-tu-]:k-l-:l —R f(l)-zl T aver the moerval [0, H e zh!‘l")
The value of % is ¥ A
Y.
A g 2
1 B 3
B Lot & be o pousive sead ssmber ovs Shan o Find the exact valtie of B suich that !,f(x)t is equal
wi c o
pi- i hme . —
" 2log,(7)+6)
E 1
1+ 2=35mads
€ b Bxgeens fhe aren of e sepsco bounded by the bae ceproent C. (e c.a0us (e Line ¥ = | sl (he lite
2= in bermns of @
Question 22
Cotmader the regon bounded by the s-xxes. the yaxis, the hoe with equatson y = ¥ and e carve with equation
y=logtx—1)
The exact value of the area of fins region s
A
B 16+ 3log2)
W For what exact valoe of @ does s awes eqeal 77 ;" ::"’1""‘1
E 5
Quention 1
Let £ R0 U (0] ~ & fiv)= 645 —x-5.
tie. Uuing S valne for « devernmed mn 8. expian m wosds, withors svaluating the ustepral,
: The maph of 3= f{x) 15 shown below
m!ﬂx)ﬁ-w' ¥
U e pmussht te e by @ < 4
221" raels >
- a ] ] 10 15 2 2 0
A Tt for exact valves of moand n ks {nm-)u{x«» -2
‘
A Staie the sterval for whick the graph of [ is atrsctly decyessig
2 mady
Total 11 e
2 marks
2009 Exam 1 . On e wt of s shove. shetch the gl of ¥ = )
2 marks
Question 1
a Flﬂnm'ﬁmfl_lz, with respect fo.x. ¢ Pounts £ asd B e the poiss of mhersection of 3« f{x) with de 5aca Pomt 4 b coordimann (1, 0) snd
pott 3 has cocedimmnes (25, 0)
Find G bength of AD much tot Ge sowa of tectangle ABCD is sl t0 G vwa of the shaded mpen
¥y
3
T s
“
b Evaluaie HJ;+||.¢
1 ” e

- 2010 Exam 1

2009 Exam 2



Chestion 2
a.  Fmed an anhdenrvative of cosi2x + 1) with respect o x.

3
1
b rndpgwmm_[mnﬁr-m]
1

ima

Question ¥
Poet of te graph of £ 17 — R0 = v og (31 15 shirwn helow

r
.

o7 1 i

3 Find the demvative of +* log (v}

1 mack

b Use your snswer to paet 210 fod the soes of e shaded repon m the Joom @ Jog, 15) v where a, 5 md
¢ swe pon-sevo real cosalants

2010 Exam 2

Question 19
The graph of the radient function v = 1(x) is shown below.

L

Whick of the following could represeat the graph of the function fx)7

A X B. ¥y

A

o/\ 7>

/

Question 10

The average valve of the function f{x) = ¢ cos(31) for 0 < x < 728 closest o
A 825

B 263

C. =263

D. 2747

E T

Question 20

Let f be 3 differeunable huction defined Sot all real x, whese ) = 0 fee all € [0 a)
. 3

Ujj(x]&:o.mzj[j‘%]-i}ﬁ s equal so
® e

2240
102+ 6
200
LS
$a

mEAB

E 3
5 x
Questian 22
Ler £ be 3 differemminble funcmon defined foo x = 2 such dh
el

. L
f!u-m—j}mm-fmm wherea > 1 sad b1
3 3 3
The nude Somr fx) 18
A Wx-2

B log (=-2)

€. 24

2011 Exam 1




& Tnd-mﬂiﬁ with pespect o ©

b, Sobve die eqmon 4 - 15 ¥ = [6frx

Quesrn ¥

Parts of the grapde of dhe functiony
FR-RfDax-2r axd
gXA—=Rg(=an w-o

we shown o the dagram bedow

The graphs mtersect whm © = 0 and when v = o

The= aren of rhe shaded repion is 64
Futal the value ol g and se valee of m.

2011 Exam 2

Quesiion 11
A log, ()

B l;ku,m)

{3128
e log{ =)

71094

L |3|~‘|_3

3 \ 4/

5 log,15) -2 g (2)-)
3

The average value of the fanctiom with nade f{x) = log {r + 2) over the mierval [0, 3] 1

Question 14

o 1

To find the area of the shaded region in the diagram shown, four different stud proposed the foll
caleulations.

1
i Iaz'd'x

0

1
i -z-jchdx
[
&
. [eVdy
1

fhge(x)k

1 2

Which of the followmg 15 comect?
i, only

i, di.. i, and iv.

i. and iv. only

.

moowp

Question 19
Apast of the graph of f* R — . {x) = x* is shown below Zoe finds the spproximate asea of the shiaded region
by dexwasg rectangles 2 shown m the secood dagsan

Y

0

Zow's apgmrocmation W s more Gan Ge exact vabee of S ares
The value of p = clotest o

AW

B 15

¢ 2

D 25

Question 20
A part of the graph of g R — R. g(x) =x —4 is shown below.

¥y
4

The area of the region marked A is the same as the area of the region marked B.
The exact value of a is

A0

B. 6

c 6

D. 12

E 23

2012 Exam 1




Quetion 1
1

FMMmu-deﬁwnworR 7 il peget o X
-
2 msal
Chuestiom #
a. Let) & — R fix)=xsinix)
Find {7y}
1 mawk:

B, Ll the vesanlt of part a. b G dhe value of |7 voosshdy i the fonm o + b

2012 Exam 2

Question 10

The sverspe valie of the fanction (- {0, 22] <+ &, f(x) = sin(x) over the interval [0, 2] 50 4
The value of @ 10 theve decunal phaces, 15

0850

1164

1.268

1339

4.046

MEOR

1
The geapd of £ R0} — R, iy = V¥ = shown below
Inn ovder to find an spproxumance to the acen of the regron bounded by the graph of £ the v s and the bee
y =4, Zoe draws four sectangles. as shomn, st calenlanes thes tetal aes.

Zoe's spprovmatuoes 1o the agea of the 16100
A

mEeENE
-2 ERE

Question 15
If £x) = 3x* — 4, which one of the following graphs could represent the graph of 3 = f(x)7
A p B. 3

¥ ¥
C Y D F

% ]
E.

X

.

Quertion 5
The chaded region @ S dapram below i the plan of 2 nune wre for the Black Posvum semag company.
All dstances ase m kilometres.

Two of the Soundanes of the mine site e m the shape of the praphs of the fmction
S R—=R fix)y=¢ md g K — R plv)=log, {x)

Moo
>
~

.

S 2 A 1

»

=
A

-1

y==2

44

A L Evahawe ‘Iﬂx).!x

t.  Hence, or otherwise, find the arez of the regon bounded by the pmph of g, the x and y xxes, 2nd
fhe lme y= -2




il Faud the tomal ses of e dbaded tepn

Question &
For the frmcton fr) = s 2xv) + 2, G mverage rabe of change for ) with resgect 10 x over e sl
i3

;. ’éll
A 0
ok
B m
1=1+1m3mads 7
b The meoing engioser Victona, decsdes that a beter ane fior the une 45 e region bounded by the magh =3
of g and that of » pew faacticn & (—=, a) — R Kx) = —log,(a — 1), where a 1 2 postrve real combes. PEPRT
L Fad in erp of o, the scocnlinates of the posts of imenection of the greplis of g snd & o S NE
2
T T
Question 14

ii, Bence, fid the sef of values of 2 Gy whach the graghs of 2 2nd 4 ferve fwo Satinet posnts of
senecton.

2013 Exam 1

Quiestiem 2 (2 wiatky)
Find an sts-dervvatinw of (4 — 217 witlh et 10 1

Quiestnse 3 (2 marks)
The fusctson wills rude 200y hos denvative 2°00) = unf201)

Goven that (1) = -:-.ﬁ-!g(vl

Cemsidier B groph of ¥ = 1% =~ £ where ¢ 1= 3 el sussher. The sves of Qe aaded roctanales i used w0 fied
W RPN 1 e mea of Ge sepon Gt i bowaded by the graph. S x-a0 304 the Lioes ¥« 1 a0d
1=3

2 the total srea of the hided sectnagies oo 44, thes the valne of ez
AN

B

<

LN T L

.

.

E

-

Question 6 (3 marks)

Letg & — & gty = {w—1Y, where 2 nv 2 real comtant
k1)

The average ulue of g oo the snerval <1 1] i3

Find sl possibile vabaes of 2

2013 Exam 2

Qmestion 15
Lat b'be 2 fimcton with an averaps vales of 2 over the interval [0, €]
‘Th graph of & over this inferval could be
A

B
: :
Fn
NS
b
o1 % 3§ 3 8 7
D.
¥
-
EF
[-13
al
Ik
ol 1 2 3 * 3 & 1°°




Question 16
The graph of f: [1. 5] = R, f(x) = Vx—1 is shown below.

¥y
3

Which one of the following definite integrals could be used to find the area of the shaded region?
s

Al KJx—l)dx
1

B. :f(JiTl)dx

Qoeszion 4 (16 madks) 1h-=2
Part of the graph of » ficnon g R — R g(x) =

s shown below

4

/

2 Poum B ed C are the posative x-

w4 aod y
shown e the &apram above. The tnpent 10 the praph of g ut the pontt 4 15 praalie] 10 the bee
sepment BC

of e greph of g, respecunely. m

o L Fasd the mle 48 for the Sancnon of & that gres the seen of the shaded regron

I Fand e maxkesmin areg of the shaded regaon sud fe vadee of & for wiuch s occon

iii.  Fmd the miniswm mes of the shiaded region and the value of  for whach thee ocoms

T marks

I ks

J marks

2014 Exam 1

I (6 06 OF
$E—|

r+« ET‘“: 105" ()

dBsagen § (5 WALE)

Craestion 7 (3 marks)
I (5] = 2oasix) —sni 25) m;[;]-%.m Flz)

£ Fadthe equativn of the tanpent 10 the grgd of # at the poua 4 2 sk
The magent 00 (e graph of g o 0 posst £ has o negative gradiesss and uervects Bie Joaxs o
pont IN0, k) whew S<k<S
2014 Exam 2
Questing 3
The seea of the rezion encloved by the genph of v (2 +2)(x ~ 2] and the raxis &
28
s
¢ Find ihe poadiemn of the taagear u tenms of & 2 marks B %
c 3%
3
p M8
k)
il The shaded region shown w S dogram above s bounded by the graph of g, the
gt ot the pout A sl the v-sun and y-cus E 36
Evaluate $e srea of Gas shaded ropom 3 manky
Question §

If I:I(J)dhb.m I:(s-zjmb‘b 1s equal to




Questhon 19

Jake and Anita me calosbatiog Ge asea benaeen the pragh of ¥~ Vi and the y-axis between y = 0 2d y = 4
Jaloe wes 2 partinoning, shaws in the diagyam below, while Anita uses a definne wtepal to find the exact
ey

4 yeyx

The diffevenice betwoen the resailts obasaed by Jake asd Asuits i

Question 8
The graph of a function - [-2. p] — R is shown below.

>

(®.p)

2.0 i
X
A i

The average value of f over the interval [-2. p] is zero.

The area of the shaded region is —f—

If the graph 1s a straight line. for 0 <x < p. then the value of p is
A 2

w

[ S L o Y
R

A0
a2
3
e
3
D
E 35
Question 20
The praph of » function, k. tx down below
¥
: 8,10,
0 by 4
B~
- y=hix)
(13
Tds (I5.4)
:-
[ " 1 1 i - L el le
a 4 & g8 10 1
The average valoe of h 1
A
B. 3
C ¢
D 7
E 10
2015 Exam 1
Queation I (5 marks)

Let J"ul-l—%.-nhu 0
Civem thet fT] = =2, fined fT).

Question 15
\J ]

uj mm-m-a'[ (2600 + ax udv= 90, hen the value ol a 1
. L]

A 0
B 4
2
D 2
E 1
Question 16

Let A0) = ax™ saed ptx) = 50", whete 0. b, m 20d v are positive integers. The dommmn of /= docsmin of g = B
U 1000 15 s memdenivateee of gOv), Shen whech one of the folbvwng mmet be woe?

A %nmw

B. = ma

¢ anumeger
" |
C } 1 an uneger

b .
D ;:snnnege:

E w=m=2

Question 3 (2 marks)

e [

Question 19
If f(x) =-r (\/tz +4) dt. then f'(=2) 1s equal to
0

A 2
B. -2
¢ 2P
D. -22
E 42

2015 Exam 2




Quertion 4 (U maels)
An dlectromes company 15 dengrong 2 pew logo, baved mtially os the graphs of the fascsom
Imv:'mn-dmn-%c—:u&-ru(.s pe s

Thu'qhmuhm-.hmunnﬂd_‘. e randy &
are ) meves

-

Thae Jogeo = 10 be patoned cono & lage stan, wul the area exchosnd by the graphs of e twe
foaction: (shaded in the dagaam) 10 be paioted red

.
4. The soted sees of the shabed sediome, 1 spume wetres, et be calesilated aa o wnio by

L]
Whiat is e value of 8* 1k

The el op dens b e cucxlr francnons veed  the deugn of the loga
B pesx aept uses the praphe of e Sancticns fTv) = 2un(r) sed nnul‘mﬂu febixsdx
B Ou the axos below. e gragh of y = fx) ke boens drawn.

O the same wues, dovw the graph of y = i(x) 2 mowks

>
-»

[

ul-o| -

)
-
T

€ Staie s sepance of two tixsafontions that muape fhe graph of 3 « fx) 1o t gaph of
F=

The el i now considers using the graphs of the functions k{x) = msin(x) and

q(x)=Lsin(m(), where m and n are positive integers withm =2 and 0 < x = 2.
n

d. i Find the area enclosed by the graphs of y = k(x) and y = g(x) in terms of m and n
if i is even.

b
Giveymn'answerinﬂlefmmam+"2,wheteaandbareintegem.

ii. Find the area enclosed by the graphs of y = k(x) and y = g(x) in terms of m and n
if n is odd.
Give your answer in the form am + i,wheteamdbm‘eintegels.
S

2n

2n




